
HNL see-saw: lower mixing limit and pseudodegenerate
state

Krasnov I. V.

INR RAS

10.04.2023

Krasnov I. V. (INR RAS) HNL lower limit & pseudodegenerate state 10.04.2023 1 / 53



Introduction

1 Heavy Neutral Leptons (HNL)

2 2HNL: parametrization

3 2HNL: minimal mixing

4 2HNL: pseudodegenerate state

5 2HNL: conclusions

6 3HNL: parametrization

7 3HNL: minimal mixing

8 3HNL: pseudodegenerate state

9 3HNL: conclusions

10 Conclusions

Krasnov I. V. (INR RAS) HNL lower limit & pseudodegenerate state 10.04.2023 2 / 53



Heavy Neutral Leptons (HNL)

L = iN̄Iγ
µ

∂µNI−
(1

2
MNN̄c

I NI + ŶαIL̄αH̃NI +h.c.
)

(1)

• Renormalizable theory

• SM neutrino mass scale explanation

• Experimental confirmation prospects

• (Optional) Baryon asymmetry mechanism

• (Optional) Dark matter candidate
Mixing angle:

U =
v√
2

M−1
R Y = iM−

1
2

R Rm
1
2
ν U†

PMNS (2)
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2HNL: parametrization

U = i×

(
1√
M1

Γ1
1√
M1

F1
1√
M1

G1
1√
M2

Γ2
1√
M2

F2
1√
M2

G2

)
, (3)

where

Γ1 ≡ λ1c−λ2eiψs (4)

Γ2 ≡ λ1s+λ2eiψc (5)

F1 ≡ η1c−η2eiψs (6)

F2 ≡ η1s+η2eiψc (7)

G1 ≡ ξ1A23c−ξ2eiψs (8)

G2 ≡ ξ1s+ξ2eiψc (9)

ω = x+ iy⊂ C,c = cosω,s = sinω, (10)

Ai j ≡ U†
PMNSi j

|α1=0,α2=0, i, j = 1,2,3 (11)
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2HNL: parametrization
Only one independent majorana angle ψ remains.
For normal hierarchy (m1 = 0):

λ1 ≡√m2A21; λ2 ≡√m3A31
η1 ≡√m2A22; η2 ≡√m3A32
ξ1 ≡√m2A23; ξ2 ≡√m3A33

eiψ =±ei−α2
2

(12)

For inverted hierarchy (m3 = 0):

λ1 ≡√m1A11; λ2 ≡√m2A21
η1 ≡√m1A12; η2 ≡√m2A22
ξ1 ≡√m1A13; ξ2 ≡√m2A32

eiψ =±ei α2−α1
2

(13)

Overall, we have 4 unknown real parameters: x,y in sterile sector and
δ ,ψ in active sector.
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2HNL: minimal mixing

Firstly, we look at the lower limit of mixing of both HNL with one flavour
U2

e = 1
M1
|Γ1|2 + 1

M2
|Γ2|2. The extremum criterium for ω is:

∂Ue

∂ω
=− 1

M1
Γ
∗
1Γ2 +

1
M2

Γ
∗
2Γ1 = 0 (14)

This equation can have three solutions:

Γ1 = 0 (15)

Γ2 = 0 (16)

M1 = M2, |Γ1| 6= 0, |Γ2| 6= 0,Γ∗1Γ2−Γ1Γ
∗
2 = 0 (17)

All three cases can be furter simlified and described with the same
expresion that depends only on δ ,ψ.
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2HNL: minimal mixing

The resulting expression:

U2
emin

=
1

Mmax
|m1A2

11 +m2A2
21 +m3A2

31| ≡
|mee|
Mmax

(18)

Here m1 = 0 or m3 = 0 and Mmax = max{M1,M2}.
Much the same for mixing with other flavours:

U2
µmin

=
1

Mmax
|m1A2

12 +m2A2
22 +m3A2

32| ≡
|mµµ |
Mmax

(19)

U2
τmin

=
1

Mmax
|m1A2

13 +m2A2
23 +m3A2

33| ≡
|mττ |
Mmax

(20)
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2HNL: minimal mixing

Figure 1: Current experimental limits and possible values of |mee|.

Krasnov I. V. (INR RAS) HNL lower limit & pseudodegenerate state 10.04.2023 8 / 53



2HNL: pseudodegenerate state
Values |Γ1|2 and |Γ2|2 are closely connected:

M1|Ue1|2 +M2|Ue2|2 = |Γ1|2 + |Γ2|2

= (|λ1|2 + |λ2|2)cosh(2y)+2ℑ
[
λ
∗
1 λ2eiψ]sinh(2y)

= |mee|cosh(2(y− ye)), (21)

M1|Ue1|2−M2|Ue2|2 = |Γ1|2−|Γ2|2

= (|λ1|2−|λ2|2)cos(2x)−2ℜ
[
λ
∗
1 λ2eiψ]sin(2x)

= |mee|cos(2(x− xe)), (22)

One can notice that for all x,y:

|M1|Ue1|2−M2|Ue2|2| ≤ |mee| (23)

M1|Ue1|2 +M2|Ue2|2 ≥ |mee| (24)

Similar inequalities can be written for mixing with other two flavours as
well.
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2HNL: pseudodegenerate state

Figure 2: Available region for M1|Uα1|2 and M2|Uα2|2, where α ⊂ {e,µ,τ}
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2HNL: pseudodegenerate state

Pseudodegenerate limit:

|M1|Ue1|2−M2|Ue2|2| �M1|Ue1|2 +M2|Ue2|2 (25)

That leads to: M1|Ue1|2 ≈M2|Ue2|2. This limit is automatically achieved
for big values of M|U |2:

M1|Uα1|2 +M2|Uα2|2� |mee| ≥ |M1|Uα1|2−M2|Uα2|2| (26)

In this limit:

sinh(2y) ≈ −2M1|Ue1|2
2ℑ
[
λ ∗1 λ2eiψ

]
± (|λ1|2 + |λ2|2)
|mee|2

≈∓cosh(2y)
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2HNL: pseudodegenerate state

Obviously, these expressions are related to |mαα |:

|mee|2 =
(
(|λ1|2 + |λ2|2)−2ℑ

[
λ
∗
1 λ2eiψ])((|λ1|2 + |λ2|2)+2ℑ

[
λ
∗
1 λ2eiψ]) , ...

This allows to find the ratio:

|Uei|2
(
(|λ1|2 + |λ2|2)∓2ℑ

[
λ ∗1 λ2eiψ

])
|Uµi|2 =

(
(|η1|2 + |η2|2)∓2ℑ

[
η∗1 η2eiψ

])
|Uτi|2

(
(|ξ1|2 + |ξ2|2)∓2ℑ

[
ξ ∗1 ξ2eiψ

]) (27)

This ratio is a function of δ and ψ, but doesn’t depend on ω or even HNL
mass. It allows to draw triangular graphics of |Uα,i|2/|Utot i|2 where
|Utot i|2 = |Uei|2 + |Uµi|2 + |Uτi|2.
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2HNL: pseudodegenerate state

Figure 3: Fig. 1 from Ref. 1801.04207.
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2HNL: pseudodegenerate state

Our results mirror the results obtained in Ref. 1801.04207, both in pictures
and in formulae. The crucial difference, though, is that in that work they
studied the much stricter “symmetric limit”: M1 = M2, |Uα1|2 = |Uα2|2.
We check that the pseudodegenerate limit given by eq. (25) results in the
same allowed region as for the limit (26).
The difference is defined by a new parameter

κi =

√
1− |mee|2

4M2
i |Uei|4

,0 < κ < 1,κi = 1 corresponds to the limit (26).
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2HNL: pseudodegenerate state
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Figure 4: The available regions (|Ue|2, |Uµ |2) in pseudodegenerate limit.

Krasnov I. V. (INR RAS) HNL lower limit & pseudodegenerate state 10.04.2023 15 / 53



2HNL: pseudodegenerate state
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Figure 5: The available regions (|Ue|2, |Uτ |2) in pseudodegenerate limit.
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2HNL: pseudodegenerate state
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Figure 6: The available regions (|Uµ |2, |Uτ |2) in pseudodegenerate limit.
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2HNL: conclusions

• We have obtained that the minimal value of mixing angle with a
given flavour α ∈ {e,µ,τ} can be expressed as |mαα |

MHNL
. That means

that if in future experiments for given mass range MHNL we have no
evidence of mixing angles higher than the value |mαα |

2MHNL
, these

experiments would rule out see-saw with two HNL in said mass range.

• We state, that, should any evidence of HNL be found in the near
future, it would ineveitably mean realization of the pseudodegenerate
case (assuming the two HNL scenario is correct). Therefore, the
relation to mixing with other flavours would be known to a certain
extent and will be the same for both HNLs.
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3HNL: parametrization

U = i×diag{±1,±1,±1}×


1√
M1

Γ1
1√
M1

F1
1√
M1

G1
1√
M2

Γ2
1√
M2

F2
1√
M2

G2
1√
M3

Γ3
1√
M3

F3
1√
M3

G3

 (28)

Ai j ≡ U†
PMNSi j

, i, j = 1,2,3 (29)

λ1 ≡
√

m1A11c1 +
√

m2A21s1, ... (30)

λ2 ≡
√

m3A31, ... (31)

λ3 ≡ −
√

m1A11s1 +
√

m2A21c1, ... (32)

Γ1 ≡ λ1c2 +λ2s2, ... (33)

Γ4 ≡ λ2c2−λ1s2, ... (34)

Γ2 ≡ λ3c3 +Γ4s3, ... (35)

Γ3 ≡ Γ4c3−λ3s3, ... (36)

Overall, we have 9 unknown real parameters.
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3HNL: minimal mixing

We study:

Ue ≡ |U11|2 + |U21|2 + |U31|2 =
1

M1
|Γ1|2 +

1
M2
|Γ2|2 +

1
M3
|Γ3|2 (37)

One can find the same limit as in 2HNL case:

U2
emin

=
1

Mmax
|m1A2

11 +m2A2
21 +m3A2

31| ≡
|mee|
Mmax

(38)

U2
µmin

=
1

Mmax
|m1A2

12 +m2A2
22 +m3A2

32| ≡
|mµµ |
Mmax

(39)

U2
τmin

=
1

Mmax
|m1A2

13 +m2A2
23 +m3A2

33| ≡
|mττ |
Mmax

(40)
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3HNL: minimal mixing

Figure 7: The available values of |mee| as a function of mlightest .
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3HNL: minimal mixing

Figure 8: The available values of |mµµ | as a function of mlightest .

Krasnov I. V. (INR RAS) HNL lower limit & pseudodegenerate state 10.04.2023 22 / 53



3HNL: minimal mixing

Figure 9: The available values of |mττ | as a function of mlightest .
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3HNL: minimal mixing
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Figure 10: Experimental limits and our see-saw lower boundary for different values
of mlightest and usually adopted in literature limit 0.05eV

MN
.
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3HNL: minimal mixing
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Figure 11: Experimental limits and our see-saw lower boundary for different values
of mlightest and usually adopted in literature limit 0.05eV
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3HNL: minimal mixing
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Figure 12: Experimental limits and our see-saw lower boundary for different values
of mlightest and usually adopted in literature limit 0.05eV
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3HNL: pseudodegenerate state
One can notice:

|M2|Ue2|2−M3|Ue3|2|− |mee| ≤M1|Ue1|2| ≤M2|Ue2|2 +M3|Ue3|2 + |mee|
(41)

Figure 13: Available region for M2|Uα2|2 and M3|Uα3|2, where α ⊂ {e,µ,τ}.
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3HNL: pseudodegenerate state

Pseudodegenerate limit:

|M2|Uα2|2−M3|Uα3|2| �M2|Uα2|2 +M3|Uα3|2 (42)

It is achieved automatically when:

M1|Uα1|2�M2|Uα2|2 +M3|Uα3|2 (43)

|mαα | �M2|Uα2|2 +M3|Uα3|2 (44)

One can obtain once again ratio |Uei|2 : |Uµi|2 : |Uτi|2 as a function of
δ ,α1,α2 and z1,z2 that doesn’t depend on z3 and HNL mass Mi.
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3HNL: pseudodegenerate state

Figure 14: Ref. 1908.02302.
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3HNL: pseudodegenerate state
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Figure 15: The available regions (|Ue|2, |Uµ |2) in pseudodegenerate limit (normal
hirearchy)
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3HNL: pseudodegenerate state
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Figure 16: The available regions (|Ue|2, |Uτ |2) in pseudodegenerate limit (normal
hirearchy)
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3HNL: pseudodegenerate state
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Figure 17: The available regions (|Uµ |2, |Uτ |2) in pseudodegenerate limit (normal
hirearchy)
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3HNL: pseudodegenerate state
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Figure 18: The available regions (|Ue|2, |Uµ |2) in pseudodegenerate limit (inverted
hirearchy)
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3HNL: pseudodegenerate state
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Figure 19: The available regions (|Ue|2, |Uτ |2) in pseudodegenerate limit (inverted
hirearchy)
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3HNL: pseudodegenerate state
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Figure 20: The available regions (|Uµ |2, |Uτ |2) in pseudodegenerate limit (inverted
hirearchy)
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3HNL: conclusions

• We have found the minimal line Uαimin =
|mαα |

Mi
. |mαα | depend on

mlightest and can take zero value. Determination of neutrino mass
hierarchy, neutrinoless double beta decay searches and independent
restrictions on the sum of neutrino masses can greatly restrict the
available region of HNL mixing parameters.

• We have shown that either mixing angle for electron or muon have
“solid” boundary |mαα |

3MHNL
, reaching which would allow to rule out

see-saw mechanism in a studied HNL mass region.

• We state that the discovery of HNL signal can provide an insight of
where to look for its mixing with other flavours and a hint for the
search of another HNL.
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Conclusions

• We have found the seesaw lower limit Uαimin =
|mαα |

Mi
, both for two-

and three-HNL cases, which lay significantly lower than currently
adopted see-saw limit.

• We have shown that the new limit can turn to zero for certain values
of mlightest and neutrino CP-violating phases, but either |Uemin |2 or
|Uµmin |2 are guaranteed to be non-zero depending on neutrino mass
hierarchy.

• We have found that for areas significantly above this limit the
pseudodegenerate limit is achieved automatically. In that case the
mixing angles are closely related to each other and fixing one mixing
angle’s value puts boundaries on the values of other mixing asngles.

• We have shown that results obtained for symmetrical limit, already
studied in literature, can be generalized to the pseudo-degenerate
limit.
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Thank you for attention!
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Mass hierarchy

For the normal hierarchy we have:

m1 = mlightest

m2 =
√

m2
lightest +∆m2

21

m3 =
√

m2
lightest +∆m2

21 + |∆m2
32|,

and for the inverted hierarchy:

m3 = mlightest

m1 =
√

m2
lightest −∆m2

21 + |∆m2
32|

m2 =
√

m2
lightest + |∆m2

32|.
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UPMNS

Of utmost importance is mixing angle that describes the relation of flavour
basis to mass basis described using Pontecorvo-Maki-Nakagawa-Sakata
matrix UPMNS:  ν1

ν2
ν3

=U†
PMNS

 νe

νµ

ντ

 , (45)

Here U†
PMNS = c13c12ei α1

2 (−c23s12− s23s13c12e−iδ )ei α1
2 (s23s12− c23s13c12e−iδ )ei α1

2

c13s12ei α2
2 (c23c12− s23s13s12e−iδ )ei α2

2 (−s23c12− c23s13s12e−iδ )ei α2
2

s13eiδ s23c13 c23c13

 ,

(46)
where ci j and si j stand for cosθi j and sinθi j, with i, j = 1,2,3, i < j.
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2HNL: minimal mixing

Γ
2
1 +Γ

2
2 =

(
λ1c−λ2eiψs

)2
+
(
λ1s+λ2eiψc

)2
= λ

2
1 +λ

2
2 e2iψ

m1 = 0 → λ
2
1 +λ

2
2 e2iψ = (

√
m2A21)

2 +(
√

m3A31)
2 e−iα2 (47)

m3 = 0 → λ
2
1 +λ

2
2 e2iψ = (

√
m1A11)

2 +(
√

m2A21)
2 ei(α2−α1) (48)

|Γ2
1 +Γ

2
2| = |m1A2

11eiα1 +m2A2
21eiα2 +m3A2

31| (49)

It doesn’t depend on ω.
The expression |mee|= |m1A2

11eiα1 +m2A2
21eiα2 +m3A2

31| itself is also a
known entity that appears as an effective neutrino mass in neutrinoless
double beta decay searches.
Γ1 = 0→ |Γ2|2 = |Γ2

1 +Γ2
2|= |mee|.

Γ2 = 0→ |Γ1|2 = |Γ2
1 +Γ2

2|= |mee|.
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If M1 = M2 ≡M the mixing angle is:

U2
e =

1
M

(
|Γ1|2 + |Γ2|2

)
=

1
M

(
|λ1|2 + |λ2|2)cosh(2y)+2ℑ

[
λ
∗
1 λ2eiψ]sinh(2y)

)
.

(50)
Ue doesn’t depend on x anymore. The y = ye extremum condition is:

(|λ1|2 + |λ2|2)sinh(2ye)+2ℑ
[
λ
∗
1 λ2eiψ]cosh(2ye) = 0 (51)

Mixing angle Ue can be, therefore, written as:

|Ue|2 =
1
M

√
(|λ1|2 + |λ2|2)2−4(ℑ [λ ∗1 λ2eiψ ])2 cosh(2(y− ye))

=
|mee|

M
cosh(2(y− ye)) (52)

We obtain the same expression |mee|/M and the minimum is achieved at
y = ye giving us the same result.
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2HNL: pseudodegenerate limit

Once again:

|M1|Ue1|2−M2|Ue2|2| �M1|Ue1|2 +M2|Ue2|2 (53)

Then sinh(2y) =

−
2M1|Ue1|22ℑ

[
λ ∗1 λ2eiψ

]
± (|λ1|2 + |λ2|2)

√
(2M1|Ue1|2)2−|mee|2

|mee|2
(54)

cosh(2y) =

2M1|Ue1|2(|λ1|2 + |λ2|2)±2ℑ
[
λ ∗1 λ2eiψ

]√
(2M1|Ue1|2)2−|mee|2

|mee|2
(55)
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3HNL parametrization

U =
v√
2

M−1
R Y = iM−

1
2

R Rm
1
2
ν U†

PMNS (56)

Ai j ≡ U†
PMNSi j

, i, j = 1,2,3 (57)

λ1 ≡
√

m1A11c1 +
√

m2A21s1 (58)

λ2 ≡
√

m3A31 (59)

λ3 ≡ −
√

m1A11s1 +
√

m2A21c1 (60)

Γ1 ≡ λ1c2 +λ2s2 (61)

Γ4 ≡ λ2c2−λ1s2 (62)

Γ2 ≡ λ3c3 +Γ4s3 (63)

Γ3 ≡ Γ4c3−λ3s3 (64)

(65)
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η1 ≡
√

m1A12c1 +
√

m2A22s1 (66)

η2 ≡
√

m3A32 (67)

η3 ≡ −
√

m1A12s1 +
√

m2A22c1 (68)

F1 ≡ η1c2 +η2s2 (69)

F4 ≡ η2c2−η1s2 (70)

F2 ≡ η3c3 +F4s3 (71)

F3 ≡ F4c3−η3s3 (72)

(73)
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ξ1 ≡
√

m1A13c1 +
√

m2A23s1 (74)

ξ2 ≡
√

m3A33 (75)

ξ3 ≡ −
√

m1A13s1 +
√

m2A23c1 (76)

G1 ≡ ξ1c2 +ξ2s2 (77)

G4 ≡ ξ2c2−ξ1s2 (78)

G2 ≡ ξ3c3 +G4s3 (79)

G3 ≡ G4c3−ξ3s3 (80)
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One can note that λ 2
1 +λ 2

3 = m1A2
11 +m2A2

21 does not depend on z1. In the
same way Γ2

1 +Γ2
4 = λ 2

1 +λ 2
2 does not depend on z2 and Γ2

2 +Γ2
3 = Γ2

4 +λ 2
3

does not depend on z3.
The mixing matrix can be expressed as:

U = i×diag{±1,±1,±1}×


1√
M1

Γ1
1√
M1

F1
1√
M1

G1
1√
M2

Γ2
1√
M2

F2
1√
M2

G2
1√
M3

Γ3
1√
M3

F3
1√
M3

G3

 (81)
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3HNL: pseudodegenerate state
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3HNL: pseudodegenerate state
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