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B nauasne 70-X BO3HHKJIO HOBOE HANpPABJICHHE s1/IepPHON (DH3UKH
BBICOKHUX 3HEPIHIl ~ KYMYJISITUBHOE POXKJIEHUE YaCTHI]
(OHUAU, AM.Banyus, B.C.Cragunckuit, B.B.I'narones ...).

CUBUK}"IIHUET['& ATHUX SABJICHMIT [[ﬂ..'l}’q[r'[.f[ﬂ Ha3BaAHHUD
anepusbtil ckeiier (MTO®, A Jlekcus u coarToph)

BM: "9710o moxer ObTh pa3BeTBJeHHbIH Kacka'.

"Mui camu Habogaau, 9To (POTOH NOCIe JIBYKPaTHOTO B3auMojielcTBrsA HMe-
eT IHCPIUID, MPEBBITAIIIYID IHEPIHIO (DOTOHA, BRLICTAIOMIETO MO TEM e YIJIOM
I . Hf ¥ I : [ 1 Y
[0CJIe OJIHOKPATHOrD B3auMojchcTeHsA."

Dddexr "obparroit pokycuposk"no00eH onTHYECKOMY aTMOC(EPHOMY SB-
JIeHHIO MIopusd (B crpanax Bocroka ero HaseiBaloT cBeToM Bynuel).

Obuapyxen B OUAN u UTID B T70-e rojpr u (nourn) 3abeir Ha obounHe
cTosboBol fopori HAayku... Jaer HeDo/bIION BK/IA)| B OJIHOE CeUEHHEe, HO JIOCTa-
TOYHO SPOK M MUMeeT NPOCcToe oDbsiCHEHHe, OCHOBAHHOE HA MOYTH 3JIeMEHTAPHO
MATEMATHKE.



Heranmu kunemarukn

IIpu pocrarouno bonbmoit HauanbHOl snepruu, Ky = My, wy,
wp — zkp < my,

z = cost < 0. Benmmunna (wy — 2ky)/my Oblia Ha3BaHA KYMYJISATHBHBIM YHCIOM.
TOYHee, [eJIas YacTh Ioc 1).

st nerkux uacrur (Hanpumep, m-me30Ha) urepaius dopmyis Komnrona
NPUBOAUT NP OOJIBINON HAYANLHON 3HEPIUU Wy K
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B35TO B npocteifiieit dopme - crynennku, npudem pp®/m o~ 0.27. IIpu Gonbimmx
N xkunemarudeckue rpanunn aius MIT ysenuuusaores npumepno na ~ 40 %.
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BDBﬁ}?}K,ﬂ;EHHE PE30HAHCOB B MIPOMEXRKYTOTHOM COCTOAHWH.

Yrpyrue nepepaccesius — Juilb "Bepxyiika aficbepra’. Pox ierue pesonaHcoB
B MPOMEXKYTOYHBIX COCTOAHUAX ¢ MOCICAYIONUM JeBO30Y K/ IEHHEM BHOCHT OCHOB-
HO 110 BeJiHurHe BKJIa,1 B cedenue. [Ipocreiimme npumepsr: NNV — NN* — NN,
NN - NA —- NN, N — pN = «N, u r.a. (M.Bpayn, B.Beuepuusn, 1977;
BK, 1977) 9kcnepumenrtansio B.M.Komapos u coasr. (OULN).

()’I‘H('KIH'I‘EJII-:HGG H3IMCHCHWE KOHCYHHOID HMITYJIhCA .Iii'_ir 5

Aky 1 %D AMP
Jii.'.ir o 4'\"_ =1 Iii.'f '

) 2 2
rie AMj = M7 — p°, k 3HadeHne 3-UMIYIbCA B [-M IPOMEXKYTOYHOM COCTOSIHHH.
Jor. 3Heprus, KOTOPYK HECeT PE30HAHC, NEePEeXO/UT B KHHET. IHEPIHI0 KOHEYHOI
(KyMYyJISITHBHOMN ) 4aCTHIIBL.

Yucno pasmuunbix nporeccos jus N-kparsworo MIT (Ng + 1YL, rae Ng
- YHCJIO PE30HAHCOB, y4acTBYWOIHX B rnpoiecce. Haubosbiee npeumytecrso y
npoiecca ¢ obpa3oBaHHeM pe30oHaHca B npenocieaaem (N — 1)-m akre. BaxnHa
cnuHoBas crpykTypa NN; — NNJ npu sxeprusix a0 Heckoibkux [aB. Cruw.
CTPYKTYPA IJIOXO H3BECTHA, HET HEPCHeKTHB, 4TO 3TOT npobes OyAeT BOCHOJIHCH
B 0DozpumMoe Dyjyuiee.

C}'IIL[ILﬂ{':'I‘HﬂHHU: [pPH IpPOH3BOILHO DOJIBIION HAYAILHO JHOPI'HH KHHCMATHER
seero MII onpejgeadercd KOHeYHBIME HMITYJIECOM H YVIVIOM BLIJICTA.
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Similar to the case of electromagnetic interactions, the hadron formation
time (coherence lenght )
Hform 1/](.,.,) - kr::}

if the incident energy is large enough, where w and k. are the energy and the
longitudinal momentum of the produced particle, the axis z - along the incident
particle momentum.

For the production of a particle on a target with the mass m; at high
enough incident energy the inequality takes place:

W=k, < my,

at the kinematical boundary the equality takes place. To produce a final particle
beyond the kinematical boundary due to multiple interaction process, in the first
interaction act the particle should be produced near the kinematical boundary,
l.e.

wy — cosbik) ~ mpy,

therefore, the formation time of the first produced particle
o™ ~ 1/ (wy — cosBik,) ~ 1/m

is necessarily small, and the whole production picture is of quasiclassical char-
acter. The interesting phenomena observed in the high energy particles - nuclei
interaction reactions and widely discussed in the literature, connected with the
large formation time of the particles produced in forward direction, do not take
place in the cumulative production processes.



Kak u B ciiy4ae ajekrpoMarauTHeix Baaumogeticreuil (Jlannay, [Tomepanuyk,
1953) Bpemsi popMupoBaHus aJpoHa (JIIMHA KOT€PEHTHOCTH)

Tfm'.ln Pt 1},(' |:.;,.,,l — kr:}

[PH JIOCTATOYHO DOJIBIION HAYAILHON 3HEPrUH, W U k. — 3HEPrUs U NPOJIOJLHBIH
HMITYJIBC POAJICHHOMR YACTHIBL, OCh Z - 110 HMIIYJIbCY MAJAIOINEH YaCTHIbL.
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BOM AKTOC HHH-HMﬂJlﬂﬁﬂ'I‘BHH HACTHITA JIOJIACHA pﬂﬂ,ﬁ'['hf:ﬂ BG.I[HHH KHHCMATHYOCKOD
[[I)QJI‘(‘JJIEJ? T CCTh

w1 — cosfiky ~ my,

OTKY/1a BpemMsi (hOpMHPOBAHUS
’rf””” ~ 1/(wy — cosbhiky) ~ 1/my

C HEHGHD,ILHMUC'I‘I}H] HCBCJIMKO, M BeCh HNPOIECC MOMET ONHCAH KBA3HKJIACCHYCCKH,
B III]HﬁJIHH‘[E‘HHH (i)&K’I‘UI]H{%HJ[LHH HﬂpﬁH’I‘Hﬂﬂ’l‘ﬂi‘.{ T/ BHBIX TOANPOMNCCCOR.



3 The small phase space method for the MIP probability
calculations

There is a preferable plane of the whole MIP leading to the production of ener-
getic particle at large angle #, (not strictly backwards!), the angles of subsequent
rescatterings are close to #/N (optimal, or basic kinematics). The deviations of
real angles from the optimal values are small, they are defined mostly by the
difference k™ — k, where k3**(¢) is the maximal possible momentum reach-
able for definite MIP, and k is the final momentum of the detected particle.
ke (8) should be calculated taking into account normal Fermi motion of nu-
cleons inside the nucleus, and also resonances excitation — deexcitation in the
intermediate state. Some high power of the difference (AK3* — k)/ky™ enters
the resulting probability.

Within the quasiclassical treatment adequate for our case, the probability
product approximation is valid. In terms of differential cross sections of binary
reactions doy/dt(sy, 1)

}[k?ﬁlji;jﬁ%dl‘]dﬂ]

G_iﬂn.' Wy

Iv(po, k) =7 R3GN(Ra, ) [ J1(po, k1

di 47rm.of”’ Yky_y

e ki dQ2 1
" A Ji
. —O0(m+wy_1 —wy — wWy).
i—s ki(m 4+ w1 — zwki—1) wy

=2

N (d{']'j[:“;j,f-j:]) (st —m? — ) — Am?pf

Gn(Ra4,0) is the geometrical factor which enters the probability of the N-fold
multiple interaction with definite trajectory of the interacting particles (reso-
nances) inside the nucleus. This trajectory is defined mostly by the final values
of k (k, #), according to the kinematical relations. Inclusive cross section of
the mﬂ_a‘cat_t.emd particle production in the first interaction is wid®ay ,fd"’krl =
fi(po, k1), d3ky = (K Y¥aide,, wy = w, 2 = cos ).



Meroa, manoro ¢gpazosoro obbema pacdera BeposaTHocTa MII

Kunemaruka MII cenexrurna: umeercst BblJEJIEHHAS [LUIOCKOCTE, ONDE/eJisie-
Masi HAYAJIbHBIM U KOHEYHBIM HMIYJILCAMH, €CJH KOHEYHBIH yroy f oriudeH oT
7w = 1807, u yrasl nociejioBareibHbIX paccesHuit Onnzku K 6/N (onTumalibHast,
niu GasoBasi KUHEMATHKA). OTKJIOHEHUS YIVIOB OT ONTHMAJILHBIX 3HAYCHHH MAaJIbI
H ONpeJIeSIFoTes pasHoCThIo K™ — k., e krf{#"”"(ﬂ} - MAKCHUMAJILHBIH HMITYJIBC,
jgocrwxkumetit 8 MIL &k — umnynse jerektupyemoit K. 9acTHILBL k.’j{#"”’(ﬂ} JIOJTJIeH
OrITh paccurTad ¢ yuetoMm Depmu - uMyabca U Bo30YKeHUS —1eBO30Y K ICHUSA
PE30HAHCOB B IPOMEXKYTOYHOM cocTosiHUK. BeposrHoeTs npornecca npomnopi-a Bhl-
cokoii crenenu pasnoctu (kT — k) kX

NHKTI03UBHOE CEYCHHE MPONECCA BRIPAMXKACTCS Yepes cedeHus DHHAPHBIX peak-
it doy/diy(s, 1)

ﬁ] . E-:l } |: Jii.'l-[l]};;. ,"% ffﬂflfiﬂl
O_flmuwl

ﬁﬁ’(ﬁ],ﬂ} = 7R4Gn(R4,0) [ Ji(

N (day (s, 1)\ (51 —m? — pd)? — 4m* i}
=5 dt, drmaolt ™k,

I ]

N—1 R.’E‘E}Tﬁf 1
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[—2 Fi.,gl[m- 4 w1 = ;1m13.1_1} Wy

o(m 4+ wy_1 — Wy — Wy

Gn(R4,6) — reomerpuuecknii (hakTop, 3aBUCAIMNA OT pajHyca sjpa U onpejie-
JISIeMBI TPACKTOPHEN 4acTHIlbl (Pe30HAHCA) BHYTPH 5/Ipa, TO €CTh BeJUYHHAMH
k (k, 6). )

W ffgﬂ'lflff;;ifj = fi(po, k1) — MHKJIFO3MBHOE ceueHHe POXJICHHS B 1-M aKTe B3a-
umogeiicteust, d°ky) = (k)2 2%dx), wy = w, 2 = cos b).



JLjist OIEHKH CeYeHHS NPOIEcca MOMKHO BBIHECTH NPOM3BEJICHHE BCEX CeYeHHI
BOJIM3U OT OITUMAJILHON KHHEMATHUKH WM YMHOXKUTH Ha MaJdblit ¢a3oBblii 00b-
em Beero MIL B cayuae nepepaccesiHus Jierkoil 4acTHIbL, HAIPUMED, T-ME30HA,

2 9
ppfms < 1,
1 . 1 N
—d(m + wn-1 — wWn — u.la\r} = o Z 1- q} S +1 =z
W) ) kky_1 Fi

N - -:\—1 =2 Iﬂn
Ecnu koreunsit yros # cymecTBeHHO OTJIHYEH OT 7, HMEEeTCs BhIJEJCHHAS TL10C-
KOCTh, BOJIM3U KoTOpOil npoucxoaut secs MII.

[Ipu # = &, cTporo Ha3a)|, HUMEETC A3UMYTAJIbHAS CHMMETPHS U B CEeUYCHHE
POXICHHA K. YaCTHIbI JIACT BKJAJ BeCh WHTepBad asumyt. yios 0 < ¢ < 27
(asuMyTanbHAs WIH aKCHATBHAsA (DOKYCHPOBKA,).

[Tosiesno BBECTH a3MMYTANbHBIC OTKJIOHEHHS OT ONTHMAJILHON MJIOCKOCTH, O},
k=1,...,N — 1; upuuem @y = 0 100 ONpeJeeHHI0 ILIOCKOCTH BCETO MPOIECCa,
(po, F?} OTKJIOHEHHS] NOJSAPHBIX YIVIOB OT ONTHMAJILHEIX 3HadYeHuit, # /N, obosHa-
anm Kak Vg, Tp ¥, = 0. Hanpasnenus umnyiancos k; nocae I-ro B3aumojieii-
CTBHSA, 1ij, ONPEJCICHBI A3UMY TAIbLHBIMKA (o ¥ noasipHbiMi 6 = (I8/N)+ U+ ...+
Uy, Oy = 6 yrnamu.

[Ipu yuere KBajipaTHYHBIX MO @), ¥ BKJI&/I0B:

2 = (Apiig_1) =~ cos(B/N)(1 — ¥2/2) — sin(8/ N+
+sin (k8 /N)sin[(k — 1)8/N)(pr — wr_1)?/2.

Hns snerkoit yactuisl B ¢azoseit 0dbem seero MII sxoaur cymma

i[l — costh) = N[1 — cos(8/N)| + cos(8/N) Z [ o2 sin?(k8/N)+
k=1
0s(@/N) N
+rzos(61?,fh'jbm (k8/N)sin((k — 1)6/N ]} Lﬁﬁ; U

ey = g = 0 — no onpeji-o miockoern seero MIIL,



Daz30BRIH ODBEM TPOIMOPIHOHAJCH MHTeMDAJIY:
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In(Agh) = fs[ase — A ( Z_ B2 — prpr_1/ zn + 19;_;’2)] 1 deidids —

I=1

(&#J'f‘ N —2 E.’\’_f_?.._}h’—l
IN(ZEIVIN (N — 21 (28)"

z% = cos(8/N), akobuaun

Jo(z) = 1,'_.""D-.r-?.£. || exnv ||,

Marpuna ||a|| onpesensier KBaApaTUYHYO (DOPMY 110 A3HMYTAJIBHBIM OTKJIO-
HEHHAM (2 2, @i ) KoTOpas BXOAHUT B J—(OyYHKIIHIO:
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fi"—"; - COTJVIACHO OITTHMAJ BLHO KHHOMATHRD,
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Anepustit apext riopus ("ceer Byapl"KyMynsaTHBHBIX YacTHIL )

PekyppenTHOe cOOTHOIIEHHE JIJIst KBaAPATHIHON OpMBI
J |
Qn+1(z, 0k ©1) = Qun(z, Or, 1) + o — N PN_i/2

[MOSBOJIHOT 3allHCATEH
9 9 2
) J3 J5i0n
( r Ty 5 ( ) - [y = _|_
In (2, o1, 1) = (21 SNE 72 o e
I 12 ,ona)S
N1 o N9 PN JN 9
.+ PN-2 — —o—5 PN
J%_z( 223, ) B 7N
Orcroyia st SKoOHAHOB cieyer
Jla JL JLEJLY
() = S y(2) — — 2
- ,"-.’(“5} - N—i':ﬂﬁ} 42 N- [4}

2 T
HTO MO3SBOJIACT ITOJMYHYHTh J:i;r JLITH JbBIX N HCXOHA U3 JE': }

1—1/(422).
Bhuta nosryuena obmas dbopmyaa s Ja(25) (BK, 1977, 1986):
N2 1 m
Det 1 I r =1+ ——5 _/tnrrl_m_-,
llage]| = TR (%) ,3;1 1eg)y)

#% = cos(8/n),
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The condition Jy(7/N) = 0 leads to the equation for 2%, which solution
(one of all possible roots) provides the value of cos(w/N) in terms of radicals.
The following expressions for these jacobians take place

1 9 1
Ji(z)=1- —,
P .l( } 252
Ja(m/3) = I3(z = 1/2) = 0, Ji(n/4) = I,(z = 1/v/2) = 0. Let us give here less
trivial examples. For N =5

'3 1
B=1-5+ %A
and one obtains cos?(7/5) = (3 + ﬁ]f% for J5(mw/5) = 0.
At N=6 1 3 5
For N =7 5 3 ]
=l gt T
J-f[:']"_,."l?] & D

For arbitrary N, J2 is a polinomial in 1/42% of the power |(N — 1)/2]
(integer part of (N —1)/2.
Strictly backwards the phase space has different form, Jy_((#/N} enters
instead of Jy(#/N) which is different from zero at =, and
N-2

N
In(p,9) = [ 5[ 7 —2x( X ok~ rn/ ;§r+q9§f2)} {H fit,affiﬁ:] 2md 1 =
' =1

=1

@y
J—,"\’ i r\r}\/_ 21"4' - 5}” }?\r ;m:

Integration over dipy_q t.akeh place over the u.-hole 27 interval.




Yeaosue Jy(w/N) = 0 npHBOJMT K YPaBHEHHIO JJIS 2}, OJIHO W3 PEIICHHI
KOTOPOro (OjHH M3 KOpHeil noJMHOMa) jaer 3HadeHue cos(w/N) B pajukajiax.
Bripaxenus 11 sikoDHAHOB TAKOBbI

) 2 ]- 2
H)=L S =1- 5 Jiz) =1~
Ja(m/3) = Lz = 1/2) = 0, Jy(w/4) = Ii(z = 1/4/2) = 0. Bonee cioxabic

npuMepst: jiada N = 5

1
222’

3 3 1
Jo=1- D
N 422 i 1621
orkyaa cos®(w/5) = (34 v/5)/8 for J5(w/5) = 0.
[lpu N =6
) 1 3 5 3
Ji=1- 22 i 1621 I3 (1 B 4~3)
Hna N =17
I . B S
o 422 821 6426

s npoussosiboro N, J3 — nosunom no 1/4z% crenenu
qacth (N —1)/2).
Crporo Ha3zaj B ¢a3. odbem Bmecto Jy (6 /N) sxopur Jy_1(6/N), ornununbiit

(N — 1) /2| (nenas

OT HyJisA IpH 0 = 7, W
N N-2

In(p,9) = [8|A5 = 25 ( 3 0} —prpn/ 5 +03/2))| {H ffwmf] 2mdi)y_1 =
’ k=1 =1

B (&r;jf N-5/2 (Eﬁﬂ_}f\’—l
In1(Z5)WN (2N = 51 (25) N3

Hurerpuposanue no ogHoMmy u3 yriior dpy_q cllejyer [POBECTH 110 BeeMy 27-

HHTEPBAJTY.



Mst witiocTpalini asuMyTalibHOl (akcHasbHolt) dokycnpoBku BOui3n # =
[MOJIE3HO paccMOTpeTh oTHOeHHe ¢da3. obbeMoB BOJIN3H OT HAlpABJICHHS HA3a/]
U rpu € = 7. DJaeMeHTaAPHBIC CCYEHHs TTPH 3TOM MEHSIIOTCSA HEeCYIeCTBEHHO.

At (2n - 5)! T *:;}
2% IN-L(N = 2) sin(n/N)Jy (2

O(z)
OO =)

Ry(0) =

B6auzu 8 = 7 umeer MecTo

T—8 .. ow
In () = JTM%J’( 2y )sin—

B pesyarare

ext
&Jﬂkr
T—8

Ry(6) = Ci

rje

In-1(ZVN (2N — 5)!!

S e ey e o

N | (JE(R)) | sin(x/N) | [(J3(2%)) sin’ r,f:»)] In-1[2%] | Cw
3| 4 0.866 1.612 1 0.38
4 [2.83 0.707 0.999 0.707 0.32
5 [2.11 0.588 0.655 0.486 0.29
6 |1.540 0.5 0.438 0.333 0.27
7 |1.087 0.434 0.298 0.229 0.26

Tabmuna. YucieHubie 3HAYCHHSA BEJHYHH, ONPEJETAONHX OTHOIICHHE CeueHHI
poxjienus K. yacrtu BOim3u 6 = 7. 3jeck 25 = cos(w/N).
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The angular dependence of inclusive cross section of the production of positive
pions by projectile protons with momentum 8.9GeV/c. a) pions with momen-
tum 0.5 GeV/cemitted from Pb nucleus. The error bars at some points have not
been clearly indicated in the original paper; b) pions with momentum 0.3 Gev/c
emitted from He nuclens. The data are taken from Fig. 18 of the paper by
V.S.Stavinsky, Fiz.Elem.Chast. At.Yadra (1979)).
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der i s il

de Fe 1 ; T cl J
] co A J
TEH] 550 : 750 I {
50 1 : { HH 700 - } }
4% 130 3 }i 50 {{ ﬂ {
50 ade 4 E50 I‘%
300 4 50 e {
ES{I 1 o0 4 ':{IL'I a
WM A e e e 250 . T A S
1EY 17 173 168 1r3 ¥ 168 173 178
A degress 1 depreesy # degrees

Angular distributions of secondary protons with kinetic energy between 0.06
and (.24 GeV emitted from the Pb nucleus, in arbitrary units. The momentum
of the projectile protons is 4.5 GeV/ec. a) The energy of emitted protons in the
interval 0.11 — 0.24 GeV; b) the energy interval 0.08 — 0.11 GeV; ¢) the energy
interval 0.06 — 0.08 GeV. Data obtained by G.A.Leksin group at ITEP, taken
from Fig. 3 of paper Yad.Fiz. (1986).
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Angular distributions of secondary pions with kinetic energy greater 0.14 GeV
emitted from the Pb nucleus, in arbitrary units. The momentum of the projec-
tile protons is 4.5 GeV/c. Data obtained by G.A.Leksin group at ITEP, taken
from Fig. 5 of paper Yad.Fiz. (1986).

In many other cases the flat behaviour of the differential cross section near
# ~ 7 takes place, but it was probably not sufficient resolution to detect the
enhancement of the cross section near # = w. In some experiments the deviation
of the final angle from 180 deg. is large, therefore, further measurements near
f = 7 are desirable, also for kaons, hyperons as cumulative particles.
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Angular distributions of secondary pions with kinetic energy greater 0:14 GeV emitted from the
Pb nucleus, in arbitrary units. The momentum of the projectile protons is 4:5 GeV/c. Data
obtained by G.A.Leksin group at ITEP.
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Azimuthal focusing takes place for any values of the polar scattering an-
gles 677, After substitution sinfygor — i

S

2 — - ] -
E‘Pk_i P h—1Pk,

- , S 1
(figrig_1) = cos(B—Bp_ ) (1—187/2) —sin (B — Oe_1) Vit %tpi—l—
Sk
where we introduced shorter notations s, = sinéy.
The quadratic form depending on the small azimuthal deviations ¢ which
enters the sum Y. (1 — z;) for the N-fold process is

: 53 51 4+ s 53 + 54 Sy_2+ Sy
W (e e) = 20l + =—— @+ =@+ e+ A1
51 82 83 SN -1
=213 — 2003 — ... — 2pnv—_aipn—1 = ||a| |9 (01, ..., On 1 )uorir,
with sy = sinf. E.g., for N = 5 we have the matrix
|-ng31 -1 0 0 ]
- -1 (51 -+ 53}'.;52 -1 0
(|95 (81, 82, 05,84) =
||ﬁ| h_l,( 1,Y2, V3, 1} 0 -1 (SQ—FS,I)'];S;; -1 ]
0 0 -1 (83 -+ Sﬂ),"’s-'l
(4.4)

S0 = 85, and generalization to arbitrary N is straightforward.
It can be shown by induction that at arbitrary N

Sp
Det (||al|%") = o S0= SN

After integration the delta-function containing the quadratic form over
the small azimuthal deviations we obtain

o AN-3)/2
[6(A= |lal :

N (61, . O erper) dpr..dpy—1 = F

= (on}NR2.
w0 (N =31 2™ AR

¢, = m for odd n, and ¢, = /27 for even n, and N — 3 > 0, see Appendix.
Characteristic angular dependence of the cumulative particles production
cross section near f =

do ~ C T
' s Nm—8

since sinfl ~7— @ form — 0 < 1.



Hudd. ceueHne poxk/ieHHS K. YACTHIIBI BO3PACTACT € POCTOM yria £, W npw

3HAYCHHH
it 2 A ext rit it 2 A ext
E}{H ~ T — _.-;'Jﬂ,lr -I:;j : EIH = - B{H ~ f‘lhr&fﬂ

CPABHMBAETCH C CCYCHHMEM NpH # = 7, W MOXKeT Jjajee BO3PacTarh ¢ pocToMm .
To ecth, qudx. ceuenue B obaactu, BRIOYanelt ¢ = 7, MoxeT UMeTh GopMmy

BOPOHKH (KpaTepa).
AL o~ /2N (N +1) < 7 /2[N(N + 1),
He nipesbiinaer ~ 0.5 juiss N = 3 u 6eicrpo najaer ¢ pocrom N. [lostomy 3Have-

HHS €' MOTYT COCTABJIATh JIHITh HECKOJIBKO PajlyCoR.

Brawuenne QepMu-jIBHXKCHHUST HE MEHSCT CYTH JIeJI4.

AzumyTanbHas (aKCHANIBHAS) (DOKYCHPOBKA HMEET MECTO HPH IPOU3BOJIBHBIX
..# i
3HadeHusAX nofsapHeix yros 8 . [ocne samenst (sinf)or — ¢

ot

(Tigdie—1) = cos(fr—be—1)(1-0¢/2)—sin (0 — 1) Vit ;\;1
St

¢ KpaTKuMm oDo3HaYeHHeM s = sinfy.
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Kpajipar. dopma, 3aBucsinas or MajabiX OTKJIOHCHHI @f B cymme V(1 — z¢)
Jgas N-gparaoro MII

gen S o2 + S1+83 o Sa+84 o Sn—2+ Sy o
Q¥ (e =i+ ———pa+ =W+t — Py —
82 83 SN—1
[&)
=219 — 2903 — ... — 2 gon 1 = ||a|[*T (01, ..., On_1)Rivrtr,

MpHueM sy = sind. ,ZLJIH N = 5 marpuna

52}"151 -1 0 0
en -1 (51 —+ S-;j],fléh -1 0
g a0} — 31/ 82
||ﬂ| N=5 6}1,63,9‘;,&1} 0 1 {Sg—‘-&[:}}-‘)ﬁ;g 1 3
0 0 -1 (83 + 89) /54

Sp = 85, 000DIIEHHE HA NPOU3BOJILHBIE N OUEBH/HO.
MoxxHo nokasaTh JJis 1POU3BOJIbHEIX [N

Det(||a)|Z™) = 2, sp = sn.

tl

51

lHocne uarerpuposanns Jebra~-hyHKIMH, cojepaxKanieit 31y k8. popmy, 1o azu-
MYT. OTKJIOHEHHAM

5 AN-3)/2

G (A = lal|%" (64, ....0n_ D opey) doy...dey_y = | ————
[8(A = [|all§™ (B, ... On—1) urer) dpy.—-dipy s (N =31

Cp = T JJIsl HEYETHBIX N, U ¢, = v/ 27 iy YeTHbiX n, N — 3 > 0.
B pesysibTare yril. 3aBUCHMOCTh ceueHHs BOJH3H oT # = 7

do ~

TaK Kak sinfl ~ 7 —fnpu m— 6 < 1



BrIBOJILI 1 NepPCIIEKTHUBBI

* DddexkT obparnoit pokycuposku (s/1epHbis riiopus-3cgdexr),
obuapyxenubiit B8 OUAU (/Iy6ua) u UTO3® (Mockea) B 70-e u 80-e —
XapaKTepHOe CBONCTBEO MHOTOKPATHEIX NPOLECCOB (KpAaTHOCTE = 3)
OPUBOAAINMX K 0Dpa30oBaHUI0 KyMYJISITUBHBIX YacTHIL.
VYHuBepcajabHas 3aBUCUMOCTL cedenus do ~ 1/v/m — 6§ Bbauzm § ~

* Dr1o ykazaume Ha To, yro MII cymecrseHHsl B
KYMYJISTUBHOM poxxJgeHUU. Braaae! piykTyoHOB Hin HapuoOHHEIX
(MHOrOoKBapkoBBIX) Kiaactepos HE uckirwuarores.

* Brermo 6wl BaxxkHo HabawAATE 3TOT 3hbdeKT s
PA3JIMYHBIX K. YaCTUIl, B TOM YHUCJI€é KAOHOB M I'MII€POHOB.
Bo3MmoxHEI ciieacTBua 0018 KOCMOOH3IUKH.

* OO bgcHEHHE OCHOBAHO HA MNOYTH 3JIEMEHTAPHOII MaTeMaTHKe.
Hepeimnennaa npobJiiema - nosejieHne cedeHus soausu ¢ — ,
(BO3MOXKHO, YMCJIEHHBIE METO/ibl IIOMOrYT €€ PEeLIUTh).
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6 Useful relations

Here we present for the readers convenience some formulas and relations which
have been used in sections 3 and 4.
(Q,R_}(H—EJ,"E

(n—2)/2
-2

I(A) = /rS(A - :I:f - = a:i}drrl...rh:” =
for integer even n.

(QW}(H—IL’IE

L(A), = [ dA — :x:f —_— a:i}afrr:l...dﬂ:” = TED Aln-2)/2
for integer odd n. Relations
B Lo dm _ (an' - 1}” T Lo dm—1 _ (Qnt' - 2}”
/{; sin~ "0 df ?FW: /{; Stn # df Qm,
m — integer, allow to check (A1) and (A2) easily.
2 2 1
[fﬁ(& — ) — o — )T o+ ) deyda, g de, = —=1 o (A)

Nz

More generally, for any quatratic form in variables xy, k = 1,...n after
diagonalization we obtain

oy Ay dxy, 1

- 1
"\ fdetlla]]  \/det]a]] "

[5(& — agzpn )dr ... de, = [5(.&\ —z2— .. (A).

The equality also holds for the (inverse) Jacobian of the transformation ¢ of our
quadratic form to the canonical form:
X I
Ji(z) = det||al|, Ja(z) = y/det ||al|.
It follows from the hasic relation
fat =1,

where 7 is unit matrix n x n, and i = g, 80

(det ||t||)~2 = det ||al|, J(a) = \/det ||a]|. (A.B)

1
det |[1]|
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To obtain the relation (4.2) we write, first

Qn+1(2, 0% 1) = Qn(wr, 1) + O — On PN-1/ 2, (4.3)

then rewrite this form similar to Eq. (4.1) and write down the equality for the
last several terms

I I3 I3 J3
IN_ 2 2 PNEN-1 N . SN PN YN+l 2 (A9
}-2 z 1 ] N }_2 Cy_1 — —}_2 —2 " }_2 Wy b }
N1 = JN—1 SN L3 JN

From equality of coefficients before % in the left and right sides we obtain

Jho T
1 = 4;’}_,—13 + —AH (A10),
A ‘i\l L2 ‘i\l

and equation (4.2) follows immediately.
The relation can be obtained from Eq. (4,2)

1
422"

which, at N =2m, k =m (m is the integer), leads to remarkable relation

fr%(~} = J,%—kvrf-ﬂ - Ti—k-1Ji (A.11)

2 2 2 R
me = ‘I!-i"l (‘ m+l — ﬁ‘ !—n—l) : (Al?}

Relation (A.10) can be verified easily for J3, J§ and Jg, see section 4. It follows
from (A.10) that at N = 2m not only Jy(7/N) = 0, but also Jy(27/N) =0
which has quite simple explanation.

For the odd values of N another useful factorization property takes place:

3 2 2 1 212 T+ 1 2 1+ 1 2
J?Tm+1 = (' !;1-}—]) - E (J.l_;u) = (J - E'Ln) (f'r +l + Ef'rm) 1 (A]-S}

. . e 2 ¥ . . .
which can be easily verified for J5 and J5 given in section 4.
The polinomials J3 and equations for 25 = cos(7/N) can be obtained in
more conventional way. There is an obvious equality

[exp(in/N)|Y = explin) = —1 (A.14)
It can be written in the form

[cos(m/N) + isin(x/N)|Y = -1, (A.15)



