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Geometrical formalism

Affine connection: . )
P =M+, (1)

Nonmetricity tensor: . .
Qopv = Vpguv = Opguv — rﬁupgﬁu - rﬁvpguﬁ . (2)

Disformation tensor: 1
P = 58" (~Quaw = Quan + Qour) = L )

Relation between GR and STEGR

R=Q+ V(0" — Q1.

where the nonmetricity scalar and traces are defined as !

1 1 1 1 A
Q=-7 Q@ @M + 5 Qpw Q7 + 2 Q@ =2 Quen, 4)
Qu=Qu", Qu=Quu". (5)
o 1 9Q
P = S qun (©)

1 ) . . .
Note that some authors define Q with the opposite overall sign, International Conference on Particle Physics and ¢
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Scalar non-metricity gravity

Scalar non-metricity action:

1
S=5o / a8 (A(®)Q ~ B(©)g"7 90005 — 2V(®)) + S, )
varying w.r.t. metric:
- dA _\ 1 oB 5
A@) G + 255 P 0@ + S g (B(®)g5P 009050 +20(®) ) = B(P)0uP0y® = KT, ®)
varying w.r.t. connection:
1 1 o Lliang aB | sa B
5Qﬁ+v5 aaA EQHE —EJHQ _Qy, +6‘LLQ'Y’Y :07 (9)
varying w.r.t. scalar field:
. dB dy
2B0¢ + —— g9, 0950 + ——-Q -2— = 0. 10
ML A + Q o (10)
The continuity equation of the matter fields 2
VuTH, =0. J

2L. Jarv, M. Riinkla, M. Saal, and O. Vilson, Phys. Rev. D, 97 (2018) no. 12, 124025, DOI: https://doi.org/10. 1103/thFnI$eer\r1a 297124025, o Particle Physics and ¢
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Spatially homogeneous and isotropic:
ds® = —dt? + a(t)? (dr® + r*d6? + r?sin® 0d¢) (11)

Branch of connection

Spatially flat FLRW symmetry is satisfied by three sets of connections, introducing an extra function . 3

w0 0 o o 0o o 0 0o o0 o0 0 0 0 0 0
P 0 0 0 o 0 0 o0 0 o o 1 0 0o o 0 1 )
py = 0 0 0 0 o 0 —r 0 o 1 0 0 0o 0 0 cot 0
0 0 0 o o 0 0 —rsin2 0 0 6 0 —sinhcosh 0o 1 oo 0
() + % o 0 o 0 NORE) 0 0 0 wgt) 0 0 0 0 'yY)-
P = 0 0o 0 o (1) 0 0 0 0 0 v 0 0 0 0 H a3
my 0 0 0 o 0 0 = °, MO 0 0 0 0 0 cot 6
X r
L o 0o o0 o 0 0 0 —rsin®0 0 0 0 —sinfcosd ) 1 cote 0
= 34(% 0 0 0 0 0 o0 0 0 0 o0 0 0 o 0 0 1]
- 0 ~(t) 0 0 0o 0 o0 0 o o 1 0 0o o 0 1 “
pe = 0 0 Py 0 o 0 —r o, o 1 o 0 0o o 0 cotd (14)
Ll o 0 0 2~ (t)sin2 @ 0 0 0 —rsin®0 0 0 0 —sinfcosh o 1 cote o]
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e Under which conditions these cosmological spacetime configurations with radiation, dust matter, and potential content
relax to the limit of general relativity where the variation of the gravitational constant ceases and the system evolves close
to general relativity?

e Does the extra free function - in the connection bring a new degree of freedom?
e Does this extra function play any role in the context of dark matter or dark energy?

e Our analysis encompassed all possible cases to investigate the stability of the solution associated with each branch in the
radiation-dominated, dust matter, and potential-dominated eras.
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Connection set |

Metric equation:

6H2A(D) — D2B(P) — 2V(P) = 2K2p, (15)
—4HOA'(®) — <6H2 + 4H) A(®) — D2B(d) + 2V(d) = 2r2wp. (16)

Scalar field equation:
—6H2A'(®) — (6HD + 20)B(d) — d2B’(d) — 2V () =0 (17)

Non-metricity scalar:
Q=—6H> (18)

Compare with GR equation:
B = oy =61
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Connection set |l

Metric equation:

30y A’ (®) + 6H2A(P) — d2B(d) — 2V(d) = 2x2p, (19)
(3by — 4H®) A () — (6H2 + 4/—'/) A(®) — D2B(®) + 2V(d) = 212wp. (20)

Connection equation:
3y (d’>A’(¢) +3HOA' (D) + d>2.A”(d>)> =0, (21)

Scalar field equation:
(—6H? + 9Hy + 3%) A’ () — (6HD + 20)B(d) — d2B'(d) — 2V () =0 (22)

Non-metricity scalar:
Q = —6H? +9H7 + 37 (23)

The connection equation does not provide dynamics for the independent connection function ~ but rather restrains the
scalar field dynamics to:

.A”(Cb) i
(9 P2, (24)

b= _3Hd —
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Connection set Il

Metric equation
6HZA(®) — 37DA’ () — D2B(d) — 2V(P) = 2k2p
(7 — 4H®) A’ (d) — (6H2 + 4H) A(®) — G2B(®) + 2V(d) = 2r2wp
Connection equation
— 67 0.A'(®) — 37 ($A/(®) + 5H S A'(®) + H2A()) =0
Scalar field equation:
(—6H? 4+ 9H7 + 39)A'(®) — (6H d + 20)B(®) — 2B’ () — 2V () = 0

Non-metricity scalar:

Q = —6H? +9H7 + 3%

.. 2% 5 L1 AY(P)
b =— H)o - — ¢
(5 +5)* 5w

(25)
(26)

(27)

(28)

(29)

(30)
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Expand around GR

Adopt a parametrization:
A(@) =1+1(d), B(#)=1 V(¢)=V(9) (31)
Evolution of small perturbation around GR limit:
B(t) = ¢« +x(t),  H(t)=Hu(t) + h(t), () =7(t) +8(t),  p(t) = p«(t) +r(t). (32)

In matter dominated case:

2 41+ £)

H.(t) = «(t) = —————, V. =0, 33
W=3"0 O 526_up (33)
In relativistic matter:
1 3(1+ f)
Hy(t) = ——— «(t) = ———m—, V. =0, 34
O=2—e O 26wy (34)

In potential dominated case:

Vi
Hi(t) = Um, p«(t) =0, Vi = const. #0. (35)

International Conference on Particle Physics and ¢
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From the first order small scalar field equation (6) of connection set I:

5% = —3H.x(t) — 3H2f!'x(t) — V! x(t) (36)J

The background scalar field equation for connection sets Il and Il are:

(374 (t) + 9Hu ()7« (t) — 6H2) f, — 2V] = 0. (37)J

International Conference on Particle Physics and
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Connection set |

Cases [ Matter-Domination [ Radiation-Domination [ Potential-Domination l
£ =0,V =0, 1 ~t3 ~ 2 _ —3H,
oy x(t) ~ t~ 3, h(t) ~ t73, x(t) ~ 72, h(t) ~ t75, 1 h(t) = r(£) ~ e,
V. is imaginary r(t) e r(t) ~ 13 x(t) e 735/,@
fl=0,V!. =0, 1 JUPE JC RS _ —3Hyt
V2Rt X(t) ~ £ 307 x(t) ~t74 , h(t) = r(t) ~ e ,

i —2 -3 _
Vi is real h(t) ~ t2, r(t) ~ t=3 h(t) ~t= %, r(t) ~ t X(t) ~ e SHat(i_y,)
=3 _
Fo0,V =0, | x(t) ~ t et h(t) ~ ¢2, | X() ~ EF et h(t) ~ t 201 h(E) = r(t) ~ e 3t

V// < 0

* -3 _

r(t) ~t73 r(t) ~ t x(t) ~ e 1)
=3 _
F#0 V=0, | x(t)~ e h(t) ~ 2, | X~ T )~ 7| () = r(e) ~ e

v,/ >0 -3 —3Hyt

r(t) ~ =3 r(t) ~ t x(t) ~ e (1—vx)

Laur Jarv, Laxmipriya Pati
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Balanced case

Scalar field at a value which satisfies Vi f/ = —V/(1 + f.). Then the solution from the leading order * :
r(t) ~ e 3Hxt (38)

From the remaining perturbed equations evolve as:

_ 3Hat . .
e 2 vx imaginary ve — 11— 4l a4V 8flvy

,3Ié*t(liv*) ) * = =3 T T 3v.  — v.
€ ’

h(t) ~ x(t) ~ 3 3V, Vs (39)

Vi real

This configuration is stable if

Vif! + (L + )V +2f/V. >0

4Laur Jirv and Alexey Toporensky, Phys. Rev. D 93 (2016) 024051, DOl:https://doi.org/10.1103/PhysRevD 93.024051
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Connection set |l

l Cases [ Matter-Domination [ Radiation-Domination [ Potential-Domination ]
1
Yo () ~ £ x(8) >t 7+ (1) ~ 1 x(8) ~ £ yu(t) = x(t) ~ e 3t
fl#0,V.#0 h(t) ~ £, g(t) ~ 2, h(t) ~ o} Lg(t) ~ ti h(t) = r(t) ~ e 3t
r(t) ~t~ ) ~ ¢ 1 g(t) ~ te~3H=t
I
() ~ T x(8) ~ e | () ~ T x(8) ~ T2, [ yn(t) = x(t) ~ eI
fl#0,Vi=0 h(t) ~ t 2, 8(6) ~ | p(e) ~ eIt (1) ~ t2, | B(E) = r(2) Nj:larH*t’
r(t) ~t r(t) ~t3Int g(t) ~te™™

Ya(t) ~t T x(8) e T | () vt X () ~v T2

) —3Hx t
— — ~ 2
FL#0,Vo = Const| h(t) ~t™2,g(t) ~ t7% | p(e) m t=2nt,g(e) ~ ¢ 3,| XV 30
r(t) ~ 3 r(t) ~ t3Int Te(t) ~ e M.t
g(t) ~ te 3t
3Ht
1 —2 -3 h(t) =r(t) ~e *
Ye(t) ~ t, x(t) ~ 72, h(t) ~ 77, () ~ 75 (8) = () —3Hyt
r r 1 i 3 t) ~ 2
f,=0,V.=0 h(t) ~ t72, g(t) ~ t2, x(®) ~ T () vt ,YX((t)) Nee—3H*t
-3 = * )
r(t) ~ t g(t) ~ ta g(t) ~ te~3Hxt
—3Hxt
_1 — _ h(t) =r(t) ~e x5
e I N IR C R CEE el e
’_ _ 7; _ =1 x(t) ~e 2
fo =0 Ve =Const | h(e) ~ t Z,g( )73 | ()~ ()~ (£) ~ a2t
r(t) ~t73 g(t) ~ t° Ry ’
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Sudden singularity

In the case f/ = 0 and V. = 0, the leading order solution from the connection equation

[ . i
x(0) = £/t ar, X)) =F e
2t /% + o7
6= —2%0x0t3 7= X3 + 2% X0 to, (40)
At finite time t, = —%3. If ¢ and ¢7 have opposite signs.
1 1
oty % (a1)
[ Cp 2xpto

Case-1: If xp and xp are of the same sign, then t. < ty.

Case-2: If xp and xp are of opposite signs and |xp| > %, then t. > to.

Case-3: If xp and Xp are of opposite signs, ¢ and ¢; are of same sign, then |xp| < %

Finally, , when ¢; = 0.

International Conference on Particle Physics and ¢
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Phase space diagram

&

\I\\\
N

Figure: A sketch of the phase space where singular solutions in occur at t =1
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Connection set-llI
Potential-Domination ]

l Cases [

Matter-Domination [

Radiation-Domination [

—13
Yu(t) ~ t,x(t) ~t73

_z
Yu(t) ~ t,x(t) ~ t™ 2

s

h(t) ~ t7%, g(t) ~ &,

e (t) = h(t) ~ e 3E

x(t) ~ e 5Hxt,

’ ! —
fL#FOV,#0 h(t) ~ t7%, g(t) ~ ¢°, i
g(t) ~ te” 7,
r(t) ~t73 r(t) ~t73
r(t) ~ e 3Hxt
Y+ (£) = h(t) ~ 77T,
1
Yult) ~ ETHX(8) ~ £ (1) ~ e () ~ 2,
_ 2 3 x(t) ~ Mt
FLAOVI=0 | ht)~t3 ,g(t) ~ t3, | h(t) ~ t~2Int, g(t) ~ 2,
—3Hxt
s _ g(t) ~ te )
r(t) ~t3 r(t) ~t73
r(t) ~ e~ 3t
1 1 Ve (t) = h(t) ~ e,
Yult) ~ t7H x(8) ~ 3| yu(t) ~ T x(E) ~ t2,
x(t) ~ e 5Hxt,

=0,V =0

* *

h(t) ~t 2, r(t) ~ 3
Observed singularity

Observed singularity

fl£0,V.=V/= =
* s Vx * h(t) ~t3 ,g(t) ~t 3,
(1) g(t) g(t) ~ te—3Hxt
-3 -3
r(t) ~ t r(t) ~t
() (t) P
h(t) ~ t =2, r(t) ~t 3 |h(t) ~ e ST () ~ e ST

Observed singularity
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Matter dominated f/ =0 and V/ =

From second-order small connection equation

Substitute (42) into the 1st order small scalar field

x (3ch[ (3tx — 2x) + 4t3 3V £2x + 4f!'x + 6t%) \/|x] |>'<|)

(42)

(43)

%=

3¢ (3eof2/x + 4¢3 %/ IXT 1)

In the limit x — 0 we can expand (43) to get

3cofl'\/|x
S3RVEL L o),
4t3/x

In the limit x — 0 we get from (43)

_2x
— 4+ 0 x2
= 2 4ok,
Finally, we notice that the expression (43) has also another string of singularities at
10
16t3 x3
Xxs = — —=———sign(cof!’
S 9692(1"*”)2 g (9*)

(44)

(45)

(46)
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Radiation dominated f, =0 and V=0

C
Fp=m (47)

5 o
LERVARYIEY

Substituting that into the first order scalar field equation (42) yields again a highly nonlinear equation
x (3ch,:’(2t;< — x) +2t4 (3" x + 4V £2x + 6%). /|x||5<|)

2t (3ch;/ + 4t%>'<\/|x||>'(|)

e In summary, we see that the radiation dominated regime is unstable, even the case of f/ # 0 but V! = V! = 0. Again, if
a model allows a value ¢. where simultaneously f/ = 0 and V. = 0, then a large class of solutions will likely face a
singularity in finite time.

(48)

x(t) = —

Potential dominated f =0 and V] =0

yel(t) = —rr— (49)

SHy t .
e 2 +/|x|[x]

% (3eofl/ (= Hox) + 4e”5 (3£ H2x + V!'x + 3Hy %) =5
%(t) = — : (50)

S5Hy t
3cofl/x +4e 2 xy/|x|[X]
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» In connection set | the extra function v does not appear in the field equations and is left undetermined. In connection
set Il and Ill, it adds a new degree of freedom and affects the dynamics of the system.

» Comparing the metric equations, the extra function « would have w = 1 in set |l and w = —% in set Ill, and thus can
not play the role of dark energy or dark matter.

» In addition we also found that the extra function drastically modifies the scalar field dynamics, since the connection
equation can be viewed as a dynamical equation for the scalar field, albeit without any contribution from the kinetic
coupling B(®) or scalar potential V(®), which look quite puzzling.

» We determined the restrictions on the model functions which permit the standard cosmological scenario of successive
radiation, dust matter, and scalar potential domination eras to be stable. However, the alternative connections also
introduce a rather general possibility of the system meeting a singularity in finite time.
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l Branch

[

Matter-Domination [ Radiation-Domination [ Potential-Domination l

Connection set |

=0,V =0,V >0

fl=0,V.=0,V/>0

£ =0,V =0,V >0

£=0,f">0,V.=0

fl=0,f'>0,V/ =0

£=0,f">0,V.=0

Connection set |l

f! # 0, V, = Constant

f! # 0, V. = Constant

f! # 0, V,, = Constant

Connection set IlI = 0 No stable scenario

f£0and V! = V! = £1#£0

» In conclusion, the alternative FLRW connections can not be deemed outright pathological and do not make the universe definitely
unstable, but they have a very strange and possibly dangerous influence on the scalar field dynamics nevertheless.

arXiv:2309.04262
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Thanks for your attention!
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