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We study different alternative/completion scenarios to inflation
(A.Starobinsky; A.Guth; A.Linde; K.Sato), because:

» inflation has some long-lasting conceptual problems, namely —
geodesic incompleteness (A.Borde, A.Vilenkin);

» if we rule alternative scenarios out — it can be another indirect
confirmation of inflation paradigm.
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The Universe with bounce
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T.Qui’2011,2013; D.Easson’2011; Y.Cai’2012;
M.Osipov’2013; M.Koehn’2013; L.Battarra’2014; A.Ijjas’2016;
YA, P.Petrov, V.Rubakov’2021

Yulia Ageeva | On the strong coupling problem in cosmologies with “strong gravity in the past”, RSF 19-12-00393



Genesis
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P.Creminelli, A.Nicolis, E.Trincherini’2010;
YA, P.Petrov, V.Rubakov’2021
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Non-singular evolution

Null Energy Condition

Realization of non-singular evolution within classical field theory
requires the violation of the Null Energy Condition (NEC)
T,,nn” > 0. Consider FLRW Universe, homogeneous and isotropic
matter

Too = p, Ty = a’y;p,

H = —4nG(p + p) + eurvature-term.
dp

— = -3H .

It (p+p)

Use n,, = (1,a~'v') with ;"9 = 1 and then NEC leads to
Tnfn” >0—p+p>0.

Penrose theorem: singularity in the past.
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Horndeski theory

5. W. Horndeski’1974

Full Horndeski Lagrangian:

L = Ga(¢,X) — G3(¢, X)Top+
Ga(¢, X)R+ Gax [(O¢)° — (V. V.0)?]

+ G5(¢, X)G‘“’V#V,,(;S
- éGs,X [(06)° — 306(V,.V,6)* + 2(V,.V,6)°],

where,

1
X= —Qg“”é’#d)@,,gb,
O¢ =g""V,V,¢.
For our purposes, it is enough to study a subclass of this theory:

L= Ga(0,X) — G3(¢, X)00 + G4(0)R.
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Stability of the model

No-Go theorem

Let us consider the following perturbed ADM metric:
ds® = —=N?dt® + 5 (dx' + N'dt) (dx’ + Nidt)
with
Y = a%(t)e®S (8 + hyj +...), N=No(t)(1+a), N;=ap.

where hy; = 0, G;ihj; = 0. Here o and 8 are not physical. We work with
unitary gauge d¢ = 0. The quadratic actions for ¢ and h;; are given,
respectively:

h2 ]-"T

Na
gl - hlJ khlJ k‘| )

S = /dtd‘jxi

= [ dtd?xNa?
S, / xNa N

2 5
gsi2 - aSC,iC,i] .
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Stability of the model

No-Go theorem

» We consider a(t) > const > 0;

» No-Go statement: Fg 1 < 0 at some moment of time, instability
in bounce/genesis models, M. Libanov, S. Mironov, V.
Rubakov’2016; T. Kobayashi’2016; S. Mironov, V. Rubakov, V.
Volkova’2018;

» Avoid No-Go:

/t a(t)(Fr + Fg)dt < oo .

Yulia Ageeva | On the strong coupling problem in cosmologies with “strong gravity in the past”, RSF 19-12-00393



Strong coupling problem

Validity of classical description?

» One way is to go beyond Horndeski and DHOST [Y.Cai et.al.’
2016, P.Creminelli et.al.’2016, R.Kolevatov et.al.’2017, Y. Cai, Y.
Pia0’2017; S.Mironov, V.Rubakov, V.Volkova’19,’20,’22]

» Another way to avoid No-Go theorem for Horndeski is to obtain
such a model/solution that Fg 1 coefficients have asymptotics

Fs,v — 0 ast — —oo, where Fr = 2Gy.

» This means that
Gy —0ast— —o0.
» The effective Planck mass (recall that AL = G4(¢)R and also
Gy = ﬁ) goes to zero, and it signalizes that we may have
Pl
strong coupling at t — —o0.
Solution: no SC regime at t — —oo in some region of lagrangian
parameters.
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The solution of strong coupling problem

Dimensional analysis

» The criteria of validity of classical description:
Classical energy scales < Strong coupling energy scales.

» Characteristic classical energy scale — background:

Eclass ~ H, (OI" %7 or %)

» Strong coupling energy scales — dimensional analysis of
couplings in higher order action (interactions among scalar and
tensor perturbations):

L((ig( ~ f\i . (8t)ai . (a)ba7 [/A\l] =1-a—h,

ECCC ) | AT mT
strong i ’
» It was shown, that the classical treatment of the background is
legitimate at t — —oo in a certain range of parameters.
YA, O.Evseev, O.Melichev, V.Rubakov’2018,2020;
YA, P.Petrov, V.Rubakov’2020,2021
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On the strong coupling problem in cosmologies wi

“strong gravity in the past”

» We examine the potential strong coupling problem at early times
in a contracting cosmological model with “strong gravity in the
past” (Jordan frame), which is conformally related to inflation
(Einstein frame).

» From naive dimensional analysis in the Jordan frame one would
conclude that the quantum strong coupling energy scale can be
lower than the classical energy scale.

» However, from the Einstein frame prospective, this should not be
the case.

» (Calculation in the Jordan frame shows cancellations of the
dangerous contributions in the tree level amplitude!
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Contraction conformally related to inflation

» We consider a class of contracting models (Jordan frame) that
are conformally related to cosmological inflation.
» The action in the Jordan (contraction) frame is given by

S, = / dixy/~g {P(¢,X)+M%f;(¢)1{} ,

with
P(6.X) = w(6)X — V(4),
w(6) = 2 — 6M2 (j;) L V(9) = P(O)Vi(o)

» By conformal transformation

Suv = 2 (Cb)gl v

the theory with Sy, is related to the following inflationary model
in the Einstein (inflation) frame:
1

S = 5 / d*xv/=gr [MER1 — g1V 0,00,¢ — 2V1(¢)] .
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Inflation in Einstein frame

» We consider inflation potential that flattens out at large fields,
Vi(¢) = Voo, as ¢ — 00 ; Voo < Mp |

» Inflation occurs in the slow roll regime at early times (e, < 1):

(VMR VMg
ovz 0 1T Ty

» The slow roll equations are

do(r) _ MV o Vi1
dr NE T ! 3 Mp

where 7 is a cosmic time in this frame.

» For asymptotically flat inflaton potentials, one typically has
1> e (or ViVY > (V)?).
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Contraction in Jordan frame

» Choose the function defining the conformal transformation as

follows
(Oé + 1) / A\
f(¢) = foe — — |, .
(¢) = fpexp { Y dqbvi , a>0

» Then the Jordan frame metric is
ds® = £72(¢(7))d7? — £72(¢(7))af (1)dx?,

where aj = f~'a; is corresponding scale factor in Jordan frame,
and the differential of cosmic time in this frame is given by f~!dr.

» So, the Hubble parameter in the Jordan frame is given by

d - a [V
H=f—In(arff )= —f - —/ —.
4 Mt ) Mp V3
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Strong coupling

Dimensional analysis

The terms in the cubic action for scalars, which do not vanish in our

model are:

S®) = /dtd x &' {c1<<2+ —C24(8¢)? +C4C'(81<)(&X)+Csa2<(8?f)2} :

where 9% = 0,0; and 02X = C
c, =f2. M%L(VV;*IF (4ViVY —3(V))?),
Cy =12 % (5(Vi)* — 4ViVY),
Cy= szigﬁ) (MZ(V()* —8VY{),

32\/%
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Strong coupling

Dimensional analysis

» The classical energy scale is of order of the Hubble parameter:

fv/ Vi

Mp

» To obtain an estimate of the strong coupling scale through naive
dimensional analysis, we set, at a given moment of time, a = 1
and introduce canonically normalized field (. = v/2Gs(.

» In terms of the canonically normalized field, the cubic action still
has the previous form with the replacement

G = (2Gs)7%/%¢;

|E((:lass)| _ |H‘ -~

so that

ot

-1 (=3(V1)? +4VVY) e L (Vi)? —4ViVY)
L7 AV V! T f 4V V] ’
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Strong coupling

Dimensional analysis

» All operators in the resulting cubic Lagrangian are dimension-5,
so one immediately finds naive estimates for the associated strong
coupling scales

E.(nalve) N |Ci‘7] '

1

» Naively, the most relevant of these scales are the lowest ones,
which are associated with the largest C;.

» The two naive strong coupling scales (coming from C; 2) are of
the same order:

Vi

N

» Depending on the shape of the inflaton potential, classical energy
scale may exceed strong coupling energy scale! For instance,
consider Vi = V4 (1 — eéz//*z). Arrive to

E(naive) ~f

E(naive) /1'2
F(class) ~ E ’

which is less than 1 at large ¢. Strong coupling regime?
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Strong coupling

Analysis of the amplitudes

» If not for the Einstein frame considerations, one would be
tempted to dismiss such a model!

» However, using amplitudes analysis one finds that there are
strong cancellations. Indeed, it is straightforward to calculate
2 — 2 scattering amplitude.
> But firstly, we note, if we set, e.g. Co = 0, then the matrix
element would be given by
B2 (9% - 5)(3(V)? — 4ViVy)’
C1iC2=0 " 2 64(x2 — 1)VZ(V})?

M ,X = cosf,

so the partial wave amplitudes

1
1
al) = 397 dx Pi(x) Mg, . é,=0

would hit the unitarity bound |a®| = 1/2 (C.Grojean’07) at
E ~ E(naive)‘

Yulia Ageeva | On the strong coupling problem in cosmologies with “strong gravity in the past”, RSF 19-12-00393



Strong coupling

Analysis of the amplitudes

» However, there are strong cancellations. Indeed,

2 2

E - ~
Mg = ——(¢ 2 My=———
. 1 (361 + CQ) , ¢ 2(1 - X)

E2

2(1+x)

[c"l 102 — x)]2 :

~ ~ 2
h’lu = C1 + C2(2 + X)} 5

E?  (41x? — 45)(V})? — 40(x? — 1)V V{
M =M+ M;+M, = — - L ‘ L.
s 2 16(x2 — 1)V2

> We see that the strong coupling scale is actually given by
(recalling ViV{ > (V1)?)

1/2
E(strong) ¢ <VI> ! ~ T Mp1 )
VY 0t/

> As anticipated, this scale is much higher than the classical energy
scale (fy/V1)/Mp for Vi < M3, .
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» Only scalars were considered - However, in cosmological models
we have different types of perturbations!

» Thus, we consider a theory which contains massless scalar fields
with different sound speeds.

» We derive unitarity relations for partial wave amplitudes of
2 — 2 scattering, with explicit formulas for contributions of
two-particle intermediate states.

» Making use of these relations, we obtain unitarity bounds both in
the most general case and in the case considered in literature for
unit sound speed.

» These bounds can be used for estimating the strong coupling
scale of a pertinent EFT.
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Unitarity relation and unitarity bounds for scalagg

with different sound speeds

» The quadratic action reads

' 1.2 1 -
S = ZS“‘ 5 SO; = / d4X (Q(biz — 21112(V(]5i)2> .
» Now, we consider an initial state:

[, B) = /2Ep, \/2Ep2 b8 pz

and the same form we have for the final state ¢/, §').

» Notation [ refers to the types of the two particles, 8 = {¢, ¢j},
while notation v is a shorthand for the pair of momenta,

Y = {P1, P2}
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Unitarity relation and unitarity bounds for scalagg

with different sound speeds

» Unitarity of S-matrix, SST = STS = 1 implies
T- T =iTT! =iT'T.

» In terms of two-particle state of definite angular momentum one

has
< () ) 41 (1) *
1 (Tm’ﬂ’;mB o Tmﬂ Hl’q’> / dp Z N 111'/3’ m”ﬂ”Tlnﬂ;m”ﬁ"7
nl// /6//
» Then, finally, in terms of PWA
i ) 2 .
—— (a —ay = al a~

2 ( LaB 1.3(1) ; u]’yu‘z'y(u]'y + 1127) Layd1, gy

2 L. . .
Im a0 = g al_m,afj N3 distinguishable particles,
U1y U2y (U1 + U2y)

1 . . .
Im ay45 = Z ﬁal,a'yaiwv identical particles.
vy 2l
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Unitarity relation and unitarity bounds for scalagg

with different sound speeds y
» Finally, the generalization of the PWA unitarity relation is

Sy *
Im ajnp = E ala a
A= T2 (U1 + 1y2) LyB o

where g, = 2 if these intermediate particles are distinguishable
and g, = 1 if these particles are identical.
» Upon redefining

1/2 1/2

50 _ ( Za ) N0 < 23 )

Bap = Uqa1Ua2(Ua1 + Ua2) B\ ugrugz(ugs + uge) ’
Im a0 = 5050 T

» The most stringent tree level unitarity bound is obtained for the
largest eigenvalue of the tree level matrix 4() (which is real and
symmetric). This bound reads

NJM—\

Imaximum eigenvalue of 41| <
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Conclusion and outlook

» It was shown that naive dimensional analysis of strong coupling
provides wrong results... One had better to use the analysis of
diagrams/amplitudes in order to find strong coupling energy
scale.

» Useful (for cosmological context) unitarity relations and bound
were obtained in the theory which contains massless scalar fields
with different sound speeds.

» An application of unitarity bound for real cosmological model of
early Universe without initial singularity — Pavel Petrov talk!

» Even some inflation models (e.g. some class of k-inflation) may
suffer from strong coupling — accurate investigation of this
problem (YA, P. Petrov, in preparation), new constraints on
k-inflation model?
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Null energy condition

Non-singular cosmology

Let us consider general relativity
G = 81GT,,,
in the cosmological context with
ds? = dt? — ay;;dx‘dxd,
and isotropic and homogeneous matter, filling the Universe
Too = p, Tij = aQVijp-,

then it follows from the combinations of (00) and (ij) components of
the Einstein equations that

H = —47G(p + p) + curvature term,

where H is the Hubble parameter.
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Null energy condition

Non-singular cosmology

H = —47G(p + p) + curvature term,

An important characteristic here is the null energy condition (NEC)
for the matter energy-momentum tensor T, :

T kHk” >0,

for every null vector k*. Let us use k, = (1,a~12!) with ;i =1
and then NEC leads to

p+p>0—H<O.

Another example comes from the conservation of energy and

momentum d
VMTIW =0 — If = —3H(p + p),
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Null energy condition

Non-singular cosmology

» This implies that there is a singularity for H and p in the past of
the expanding universe;

» Therefore, one either modifies gravity or violates the NEC to
build non-singular cosmology;

Let’s violate NEC!

However, violating the NEC in a healthy manner turns out to be
challenging for any known matter.

» For canonical scalar field we have
p+p=0">0

and NEC is automatically satisfied;

» Try something new, but always demand stable cosmology...
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Types of instabilities

Let us consider for the simplicity the general form of the second order
action for the scalar field perturbations ¢ = ¢g + x:

1 1 . 1
L) = ZUx? — ZV(8ix)? — =Wy?
v = 53U = V(8" — 5 WX,
with
U’ =VP?+W, ¢ =V/U,
where U, V, W are some combinations of unperturbed lagrangian
functions. Here we have the following cases:
» Stable solution U >0, V> 0, W > 0 with p > 0.
Use U >V > 0 to avoid superluminal propagation;
» Gradient instabilities U > 0, V<0 or U <0, V > 0;
» Ghost instabilities U < 0, V < 0.
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Stability of model

No-Go theorem

Let us write all parts of third action straightway with the constraints
imposed for scalar perturbations a and :

A
©N
1 3 ag%
e —_— *’/ —
5 = g (asw - "gEc).
with ¢ := (1/N)d~2¢. The quadratic actions for ¢ and h;; are given,
respectively:
: (2 Fs
Lo =a’ Is\z ~ aj(,i(,i ;
a3 h: o F
Ly 5 QTN*; - a%hij,khij.k .
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Stability of model

No-Go theorem

There Fgs,Gs, Fr,Gr are given by:
Fr=2G4+ ..., Gr=2G4+ ...,

and

_1d
T adt
where ¥ and © are some cumbersome expression of Go, G3, G4 and
H. Stability conditions are:

8 >
Fs (§9%) = Fr. s = 5595 +30r,

Gr > Fr >0, Gg>Fs>0.

Denote & = aG2 /0, we rewrite Fgs as
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Stability of model

No-Go theorem

% >aFr >0, £=aG2/0O,

Here |©| < oo everywhere and it is smooth function of time (as it is
function of ¢ and H), so £ can never vanish (except a = 0) — thus we
demand non-singular model. Integrating from some t; to t¢, we obtain:

(i) — E(t) > / " a(t)Frt,

i

where a > const > 0 for t — —oo and it is increasing with t — +o0.

| On the strong coupling problem in cosmol



Stability of model

No-Go theorem

> Let & <0, s0
te
=& < [&| - / afFrdt,
Jt;
where RHS — negative with ty — 400. So therefore & > 0. And

it means that £ = 0 at some moment of time - singularity! So we
should demand £ > 0 for all times.

» But on the other had, again just rewritting:

te
=& > =& +/ aFrdt,
t

Ui

and now RHS — positive with t; — —oco and & must be negative.
Again contradiction...
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Stability of model

No-Go theorem

Thus we have two important features here:

1.£ #0,
2.d¢/dt > aFr > 0.
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Strong coupling problem

Avoiding No-Go

Gy =Ay — 2XF,,
Gy = — 2XFy — F,
G4 :B47

where F(¢,X) is an auxiliary function, such that

Fy = __As By
(2X)3/2 X !

Gauge is fixed by ¢ = ¢(t) and it gives:
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Nonsingular cosmological mo

We construct various models, namely:

» bouncing Universe which proceeds through inflationary epoch to
kination (expansion within general relativity, driven by massless
scalar field);

» bouncing Universe with kination stage immediately after bounce;

» combination of genesis and bounce, with the Universe starting
from flat space-time, then contracting and bouncing to the
expansion epoch;

> “standard” genesis evading the strong coupling problem in the
past.

problem in cosmolo



Bouncing Universes

In covariant formalism:
L = Ga(¢,X) — G3(¢, X)T¢p + Ga(¢)R
In ADM formalism:
L= As(t,N) + As(t,N)K + Ay (t)(K* — K2) + By ()R,

» Ansatz:

Ay = —f7272 . ay(t,N),

1
2
1
Ag = FE727 ag(t,N),

1
A4 = —B4 = —if_Q“',

aQ(t7N) - (% + %), ag(t,N) = %
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Bounce followed by inflation

Numerical example: Hubble parameter

Hx10%
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Hubble parameter at contraction, bounce, and beginning of inflation.
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Bounce followed by inflation

Numerical example: Subluminality for scalars and stability for tensors

°s
10

{
-10000 -5000 [ 5000 10000 15000

Contraction, bounce, and beginning of inflation.




Bounce followed by inflation

Numerical example

Hx10°

154x108  156x108 1.58x10°®  1.6x10°

Hubble parameter at the end of inflation and beginning of kination.
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Bounce model: from inflation to kination

Numerical example: stability for scalars

154x10%  1.56x10%  158x10%  16x10°

The end of inflation and beginning of kination.

oupling problem in cosmolo with “stron.



Bounce followed by inflation

Numerical example

» To end up this bouncing model, we note that since the duration
of inflation is fairly long, the complete expressions for all
Lagrangian functions, valid at all times, are obtained by simple
superpositions, i.e.

V(t — ts)

(1) = x0(1 = Ux(t) +x1Ux(0)(1 = V(= 1)) + 35—

» Depending on the parameters of the model, inflation can last for
a longer or shorter time.

» Note that this property may be of interest from a
phenomenological viewpoint.

» We take, quite arbitrarily, the duration of inflation approximately
equal to At ~ 1.55 - 10% (in Planck units).

» [t corresponds to the number of e-foldings at inflation
Ne = N]H] Atinf ~ 46.
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Strong coupling: dimensional analysis

» In unitary gauge, the scalar perturbation is parameterized with
the field ¢, recall

ds? = —[(1 + a)? — a2~ %()?]dt? 4 201pdtdx’ + a?e® dx? |

so the quadratic action for scalar perturbation is
(2) 3.3 o 1
S = dtd’xa gs C — *C‘ic.i s
¢¢ PERBAE

where

Gs

_ 19 P (de) | Mp(VD)’
dr '

To2m2 28 \dr 2V2
» The perturbations propagate luminally, which is again a Jordan
frame counterpart of the standard Einstein frame property.
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Relations

ap; 1
(27)? 2E,, \'P B

Hi(5,) = /
EI)i = uipj ,
[as;, al ] = (2m)6@) (B — B;)dy-

I5i ) = V/2Epal [0),

155 = (27)° /25025, 60 (5: - 5)03

a/ﬂ_e*iEpit+if’ii + a]‘ eiEpit7i§i§> )
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Unitarity relation and unitarity bounds for scalars

with different sound speeds

Distinguishable particles

» The scalar product of states |[¢', ') and |, ) is
(W', B |, 8 ) = (2m)°2Ep, 2B, 0 (B1  — 51)0C) (B2 ' — B2)dprs .

or in center-of-mass framc, where E = (lllﬁ + llgﬂ)p, uig = Uy,
Ua2p = U;

W8 [, 8)
= (27)% - 4wy pugs(up + ugg) - SO (PH — PG — B)dsp.
» Two-particle state of definite angular momentum in the

center-of-mass frame

1 N N
I, m,P* ) = 7/d_'Ym p) [, 8),
SO

', m’, P* ', m, P*, 3)

= dmuigusg(uig + uzp) - (2m) 6 (PH — PH)ow buun I
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Unitarity relation and unitarity bounds for scalars
with different sound speeds @
7z

Distinguishable particles

» Let us now write the T-matrix element

Tgl)/ﬁ’ mpB T <1 m’ ,Pl“ ﬁ |T|1 m, ’PN d>

Tfn’ﬁ’ mB — 4 /dp/ ﬁ/ Ym I% IIl *(ﬁ /) <?/) /aﬂ/|T|w7/)}> .
» After some calculations we arrive to
5m Hl '
Tgl),ﬂ, mp (2#)45 (73“' Py —— 5 / d(cos~y) - Pi(cosy)Mps .
» Finally, one defines the partial wave amplitude,
1
327

a) B = /d(COS 7) . Pl(COS ’)’)1\’15//3,

and finds

Tl(lll)’ﬁ/;mﬁ = 167 - (27T)45(4)(Pu/ - 7)M)(Sm'm alpg -
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Unitarity relation and unitarity bounds for scalars

with different sound speeds

Distinguishable particles

» Now we turn to the unitarity relation. Unitarity of S-matrix,
SST = S'S = 1 implies

T-—TF=iTT! =iTiT.

» Inserting unit operator

1
1= /d47? Lm, P*, B) (L, m, P*, B —— + ...,
| 1§3| B) Al %)

where where summation runs over all two-particle states, and
N(B) = 2(27)°uipuzs(uis + uzp).

in the right-hand side

- () (= _ [ qapn L) O
—1 (Tm’ﬁ’;mﬁ _Tm/ﬁ;m'ﬁ’> - /d P Z N( )T 'B’; m”fi”Tmff m’’ 3"

m’’,B"

Yulia Ageeva | On the strong coupling problem in cosmologies with “strong gravity in the past”, RSF 19-12-00393



Unitarity bound

= _ = =k E *
Im A, o = d‘l;(k()((Ll’(y(y + Al,uMAl,Ma -
M

Im al.(xoz > ‘al,(,Y(Y‘Q .

2
1 p
(Im alaa — 2> + (Re ﬁl,aa)z <

1pling problem in cosmologie



Unitarity relation: example

1 79 b = < 1 . - = 2
L= (-6 ) b5 (8 - wd(F02)?) 4 5o+ 20k 226163
(5)
where u; and uy are the two sound speeds.

*
Im aj g = § 8yal,anal 43,
.

or in matrix form

Im a) = Z agal, (6)
vy

Yulia Ageeva | On the strong coupling problem in cosmologies with “strong gravity in the past”, RSF 19-12-00393



Unitarity relation: example

Moo Mg B8 M, % A1 0 A3
Miree = [ Mga Mgg Mgy | =10 A3 0
Myo My M, A3 0 A
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Unitarity relation: example

G T A L IPNN 2 &

a—a a—a a—7y a—7y
b2 5 23 &2 6 2 7 &
2 & [} [} 4 &2 23 é2 9
N amdtl Y= B—B
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