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Oscillons: introduction

Scalar field theory

∂2t φ−∆φ = −V ′(φ)

Generic lifetimes:

≳ 105 periods

Example:

V (φ) =
√
1 + φ2

(axion–monodromy model)

McAllister, Silverstein, Westphal ’10

0

V

φ

d = 3
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Oscillons: introduction

Scalar field theory

∂2t φ−∆φ = −V ′(φ)

Generic lifetimes:

≳ 105 periods

Plethora of theories:
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Oscillons in cosmology

nucleate during generation of axion or ultra-light DM
Kolb, Tkachev ’94

Vaquero, Redondo,
Stadler ’19

Buschmann, Foster,
Safdi ’20

accompany cosmological phase transitions
Dymnikova, Kozel, Khlopov, Rubin ’00

Gleiser, Graham, Stamatopoulos ’10

formed by inflaton field during preheating

Amin, Easther, Finkel,
Flauger, Herzberg’ 12

Hong, Kawasaki,
Yamazaki ’18

Why are oscillons so long-lived? How to describe them?
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Especially interesting case: monodromy oscillons

Monodromy potentials

V (φ) =
1

2p

(
1 + φ2

)p
, p ≲ 1

Small attractive nonlinearity:

ε ≡ 1− p
ww�

Large radius: R−2 ∼ O(ε).

Lifetime: up to 1014 periods!
Ollé, Pujolàs, Rompineve ’20

Very strong fields: how to
account for small nonlinearities?

V (φ)

φ

∼ φ2

monodromy
p = 0.95

0

6·103

0 15 r

φ

O(ε) attractive
self-interaction

∆φ repulsion

ω = 0.7
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Isolating small nonlinearity at strong fields

∂2t φ−∆φ = −V ′(φ)

Zero-order approximation:
still a parabola, but not
expansion around the vacuum

−V ′(φ) = −µ2φ− δV ′(φ)

δV ≡ V − µ2φ2/2

Wise choice of µ ̸= m to
make δV ′ small:

µ2 = V ′(φ0)/φ0

for some scale φ0 ∼ φ

In the end: scale φ0 — tuned
to the oscillon amplitude.

φ

V

φ00

monodromy
1
2
m2φ2 + const

1
2
µ2φ2 + const

Example: monodromy potential

V ′(φ) =
(
1 + φ2

)−ε · φ
=
(
1 + φ2

0

)−ε

︸ ︷︷ ︸
µ2

· φ + δV ′
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Effective Field Theory (EFT): slowly changing variables

Oscillons: δV ′ ∼ ∆φ ∼ O(ε)ww�
Zero-order approximation:

∂2t φ−��HH∆φ = −µ2φ−��HHδV ′

linear oscillator

0 r

φ

δV ′ attraction

∆φ repulsion

Action-angle: φ =
√
2I/µ cos θ

πφ ≡ ∂tφ = −
√
2Iµ sin θ

Solution: I (t) = const, θ = µt.

Leading order: restore ∆φ and δV

I (t, x), θ(t, x) now depend on x but slowly.

Classical field action:

S =

∫
dt d3x

[
πφ∂tφ− µ2φ2/2︸ ︷︷ ︸

I∂tθ−µI

− (∂iφ)
2/2− δV︸ ︷︷ ︸

subleading

]
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Effective Field Theory (EFT): averaging perturbations

S =

∫
dt d3x

[
πφ∂tφ− µ2φ2/2︸ ︷︷ ︸

I∂tθ−µI

− (∂iφ)
2/2− δV︸ ︷︷ ︸

subleading

]

Averaging over period : t −→ θ

∂i I , ∂iθ — slow varying =⇒ moved out of the averages.

(∂iφ)
2 −→ ⟨(∂iφ)2⟩ t→θ

=

2π∫

0

dθ

2π
(∂iφ)

2 ≈

φ =
√

2I/µ cos θ

(∂i I )
2

4Iµ
+
I

µ
(∂iθ)

2+((((((((hhhhhhhh⟨∂IΦ ∂θΦ⟩∂i I∂iθ
symmetry θ → −θ

ς = 2I/µδV −→ ⟨δV ⟩ =
2π∫

0

dθ

2π
δV (I , θ) =

1

2p

(
Ap(ς)− pµI

|||
⟨(1+ ς cos2 θ)

p⟩=(1+ ς)p/2Pp

(
1+ ς/2√

1+ ς

)
)
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Monodromy oscillons: leading-order effective action

Effective action in the leading order

Seff =

∫
dt d3x

[
I∂tθ − µI −(∂i I )

2

8Iµ
− I (∂iθ)

2

2µ
−Ap(ς)

2p
+
µI

2

]

Action depends on φ0 as O(ε2)
After second-order corrections — O(ε3)

Final step: make “scale” φ0 and “mass” µ running:

φ =
√

2I/µ cos θ=⇒ φ2
0 = 2I/µ(φ2

0)

or simply φ0 =
√
2I

=⇒ µ = µ(I )
as planned

Global symmetry: θ → θ + αw�
Conserved charge: N =

∫
d3x I (t, x)

+ solitons!
attraction
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Monodromy oscillons as nontopological solitons

Stationary ansatz: I (t, x) = ψ2(x), θ(t, x) = ωt

or minimize energy E at fixed charge N.

dE

dN
= ω

Monodromy oscillons profile equation

ωψ = µψ − ∆ψ

2µ
+ ψ(∂iψ)

2 ∂Iµ

2µ2
+
(
∂ςAp/µ

2p − 1/2
)
(µ− ψ2∂Iµ)ψ

Field values restored:

φ(t, x) =
√
2I/µ(I ) cosωt

0

4·103

8·103

0 10 20 30

(a) ω = 0.7

φ
(r
)

r

0

2·108

4·108
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(b) ω = 0.4

p = 0.95

φ
(r
)

r

leading-order EFT
simulations

Exact adiabatic invariant:

N =

∫
d3x

t+T∫

t

dt

2π
(∂tφ)

2

1010

1020

0.4 0.6 0.8 1

p = 0.95

p = 0.8

N

ω

leading-order EFT
simulation
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Higher-order corrections

Goal: Develop asymptotic expansion in ε ∼ R−2:

Seff = S(1)
eff︸︷︷︸

ε0+ε1

+

corrections

S(2)
eff︸︷︷︸
ε2

+ S(3)
eff︸︷︷︸
ε3

+ . . .

Field corrections:

I = Ī︸︷︷︸
slow

+ δI︸︷︷︸
fast

, θ = θ̄︸︷︷︸
slow

+ δθ︸︷︷︸
fast

⟨δI ⟩ = ⟨δθ⟩ = 0, δI ≪ I , δθ ≪ θ

Eqs. for δI , δθ:

∂t δI = ∂θφ(∆φ− δV ′)

∂tδθ = −∂Iφ(∆φ− δV ′) +
〈
∂Iφ(∆φ− δV ′)

〉

Solve order-by-order in δI , δθ =⇒ plug δI (Ī , θ̄), δθ(Ī , θ̄) into action

+ stationary ansatz: Ī = ψ2(x), θ̄ = ωt
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Higher-order corrections

Second-order effective action

Seff = S(1)
eff + S(2)

eff
O(ε3) – sensitive

to φ0

S(2)
eff =

∫
dt d3x

{
1

2µ2
(∆ψ + µ2ψ)2 − C1,p (∆ψ + µ2ψ) + C0,p

}

Note. ∼ ε2 contribution, Ci,p(ψ2/µ) — form factors
includes 4 spatial derivatives

θ̄ → θ̄ + α — still a global symmetry

Test: Detune the “scale” φ0 to show
2nd order improvement:

����XXXXφ2
0 = 2Ī =⇒ φ2

0 = Ī/128

p = 0.8

103

104

0.85 0.9 0.95 1

φ2
0 = Ī/128

N

ω

leading-order EFT
second-order EFT

simulation
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Monodromy: small-amplitude vs. EFT vs. φ2 lnφ2

Small-amplitude expansion: |φ| ≪ 1, R ≫ m−1

Monodromy potential: expansion in ε at |φ| ≫ 1

V =
φ2

2

[
1 + ε− ε lnφ2

︸ ︷︷ ︸
admits

exactly periodic solutions

+O(φ−2) + O(ε2 ln2|φ|)
]
.

d = 3; p = 0.95

1
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E

ω

leading-order SAE
second-order SAE1

107
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1021

0.4 0.6 0.8 1

E

ω

leading-order EFT
simulation

truncated

ε-expansion
breaks down at
ε ln |φ| ≳ 1.

φ

V

e1/2ε0
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Axion-monodromy potential: V (φ) =
√

1 + φ2

0

V

φ

Significantly nonlinear: p = 0.5.

How does that affect the EFT precision?

102

107

0.2 0.6 1

p = 0.5

E

ω

φ2
0 = 2I

φ2
0 = 2I/µ(φ0)

simulation δN/N ≲ 0.4
ww�

δN/N ≲ 0.1

Proper choice of φ0 scale cures the method!

Does not mean the EFT series converge well: ε = 0.5.
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Generalization to generic potentials

No small nonlinearity, but still consider large-sized oscillonsw�
pursue gradient expansion

Zero order approx.: ∂2t φ −��HH∆φ = −V ′(φ) =⇒ Nonlinear oscillator

0

V (φ)

φ

Action-angle variables in full nonlinearity

φ = Φ(I , θ), φ̇ = Π(I , θ)

Hamiltonian: h = φ̇2/2 + V (φ) ≡ h(I )

Classical solution:
I = const,

θ = Ωt + const,
Ω =

∂h

∂I
Single subleading term in the classical action:

S =

∫
dt ddx

(
1

2
φ̇2 − V (φ)
︸ ︷︷ ︸
I∂tθ − h

− 1

2
(∂iφ)

2

︸ ︷︷ ︸
subleading

)

Averaging over period

(∂iφ)
2 −→ ⟨(∂iφ)2⟩ =

1

2π

∫ 2π

0
(∂iΦ(I , θ))

2 dθ
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Generalization to generic potentials

Slow-varying ∂i I , ∂iθ are moved out of the average

⟨(∂iφ)2⟩ ≈
(∂i I )

2

µI (I )
+

(∂iθ)
2

µθ(I )
+((((((((hhhhhhhh⟨∂IΦ ∂θΦ⟩∂i I∂iθ

µI ≡
〈
(∂IΦ)

2
〉−1

, µθ ≡
〈
(∂θΦ)

2
〉−1

Leading-order effective action for generic potential

Seff =

∫
dt ddx

(
I∂tθ − h(I )− (∂i I )

2

2µI (I )
− (∂iθ)

2

2µθ(I )

)

Oscillon profile equation Ω = ∂h/∂I

−2ψ2

µI
∆ψ − (∂iψ)

2 d

dψ

(
ψ2/µI

)
+Ωψ = ωψ

Longevity & EFT applicability for large oscillons:
∣∣∣∣
d2h

dI 2

∣∣∣∣ =
∣∣∣∣
dΩ

dI

∣∣∣∣≪
Ω

I
— potential is close

to quadratic!
0 r

φ

δV ′ attraction

∆φ repulsion
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Results & Discussion

EFT.

Large oscillons — held together by weak nonlinearity

Parameter of the expansion: (mR)−2 ∼ O(ε)

Global U(1) symmetry =⇒ oscillons
Conditions for existence of long-lived oscillons:

V (φ)

{
attractive

nearly quadratic potential

{
“running mass” µ

expansion in ∆φ and δV ′
great
precision!

Perspective.

Decay of oscillons — nonperturbative in EFT?
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