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Introduction

Relic gravitational waves can be measured by the next generation of
gravitational wave detectors
The type of spectrum depends on the initial conditions and how the
structures are formed
We model the nonlinear evolution of the inflaton field and the formation of
structures
With this information, it is possible to calculate the energy-momentum tensor
and, consequently, the spectrum of gravitational waves
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Model

We start with an action for an inflanton field:

S =

󰁝 √
−g(

1
2
gµν∂µϕ∂νϕj −

1
2
m2ϕ2)d4x (1)

We will use the following ansatz:

ϕ =
e−imtψ(󰂓x , t)√

2a
3
2 (t)

+ h.c (2)

Considering that the gravitational potential Φ is small and and the field
changes slowly we get the action in terms of ψ:

S =

󰁝
d4x

√
−g(− 1

2a2 ∂iψ∂iψ
∗−m2Φψψ∗+

9
8
H2ψψ∗− im

2
(ψ∂0ψ

∗−ψ∗∂0ψ)

(3)
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Stress–energy tensor

In the leading order the 0-0 stress–energy tensor component is:

T 0
0 =

1
a3m

2ψψ∗ (4)

Thus, the first Einstein equation is:

∆Φ− 3ȧ2Φ =
4πG
a

󰀕
|ψ|2 − |ψ0|2

󰀖
(5)

And equation of motion for action (3) is:

i∂0ψ = − ∆ψ

2ma2 +mΦψ − 9
8
H2ψ (6)
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Modes of evolution

We have three modes of evolution:
Beyond the horizon:

k

a
≪ H

Linear evolution under the horizon:
k

a
≫ H,m ≫ H, ψ ≈ ψ0

Nonlinear evolution under the horizon, where ψ ≫ ψ0 and the formation of
gravitationally bound structures takes place

We will use these approximations in order to set the initial equations beyond
the horizon, to evolve the field under the horizon in a linear mode and only
then solve nonlinear equations
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Linearized equations

Let’s move on to the dimensionless equations:
󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀽

x = x0 · xpr
t = t0 · tpr
ψ = ψ0 · ψpr

Φ = Φ0 · Φpr

a = a0

󰀕
tpr
t∗

󰀖2/3

(7)

Then the equations will take the form:
󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

∆prΦpr − 3ȧ2
prΦpr =

4πG
apr

󰀕
|ψpr |2 − 1

󰀖

i∂0ψpr = −∆prψpr

2a2
pr

+ Φprψpr −
9
8
H2ψpr

(8)
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Linearized equations

In (7) we have 6 parameters, but also from dimensionalization we can get
connections to them, leaving only the physical ones: ψ0 – the average value
of the field and m – mass of the inflanton field.
Then we linearize the system (8): ψ = 1 + δψ(󰂓x , t) and go to the Fourier
space 󰀻

󰁁󰀿

󰁁󰀽

−k2Φ− 3ȧ2Φ =
4πG
a

(δψ + δψ∗)

i∂0δψ =
k2δψ

2a2 + Φ− 9
8
H2(1 + δψ)

(9)

These equations are true both beyond and below the horizon, but only at the
linear stage of evolution. They are easy to solve numerically and we can use
them to set initial conditions beyond the horizon and evolve the field to reach
the nonlinear stage below the horizon
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Nonlinear equations under the horizon

Under the horizon we can use the approximation H ≪ m. Than (8) will be:
󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

i
dψpr

dtpr
= −∆prψpr

2a2
pr

+ Φprψpr

∆prΦpr =
4π
apr

(|ψpr |2 − 1)
(10)

To solve the second equation, we will use the Fourier series expansion
method:

Φ̃(󰂓k) = −4πG
󰂄(󰂓k)

k2 (11)

To solve the first equation, we will use the symplectic method of the 4th
order:

f(t) = e−itHf0 (12)
eτH = eanτV · ebnτT + o(τ4), (13)
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Nonlinear and linear solutions

Рис.: Solutions of linear and nonlinear equations
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The difference of solutions on lattices 128/256 in Fourier
space
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The mean value in Fourier space at large k
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MPI acceleration: acceleration(number of processors)
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Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 13 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 14 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 15 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 16 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 17 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 18 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 19 / 25



Evolution of the field. Color is |ψ|2

Рис.: Solutions of linear and nonlinear equations 20 / 25



Gravitational waves

The equation for tensor modes in Fourier space has the form

ḧij(󰂓k , t) + 3Hḣij(󰂓k , t)−
∇2

a2 hij(󰂓k , t) = 16πGΠTT
ij (󰂓k , t) (14)

Where Πij =
1
a2

󰀕
Tij + pa2(δij + hij)

󰀖
We will make a replacement:

Hij(󰂓k , η) = ahij(󰂓k , η) (15)

Then the equation will be written as, where ′ ≡ d
dη :

H ′′
ij (
󰂓k , η) +

󰀕
k2 − a′′

a

󰀖
Hij = 16πGaΠTT

ij (󰂓k , η) (16)

Let’s neglect the second term in parentheses (k2 ≫ a′′/a):

H ′′
ij (
󰂓k , η) + k2Hij = 16πGaΠij(󰂓k , η) (17)
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Gravitational waves

We believe that after a certain moment η = ηf no gravitational waves were
emitted, so for η > ηf the solution can be written as follows:

Hij(η, 󰂓k) = Aij(󰂓k)e
ik(η−ηf ) + A∗

ij(
󰂓k)e−ik(η−ηf ) (18)

where 󰀫
Aij(󰂓k) =

8iπG
k

󰁕 ηf

ηi
dη′e ik(ηf −η′)a(η′)ΠTT

ij (η′, 󰂓k)

A∗
ij(
󰂓k) = − 8iπG

k

󰁕 ηf

ηi
dη′e−ik(ηf −η′)a(η′)ΠTT

ij (η′, 󰂓k)
(19)

and Πij =
1

2a5 (∂iψ
∗∂jψ + ∂iψ∂jψ

∗)

Energy density of gravitational waves:

ρgw =
1

32πGa4 〈H
′
ij(η, 󰂓x)H

′
ij(η, 󰂓x)〉 =

1
32πGa4

1
V

󰁝
d3kH ′

ij(η,
󰂓k)H

′∗
ij (η,

󰂓k)

(20)

ρgw =
8πG
a4

1
V

󰁝
d3k

󰀏󰀏󰀏󰀏
󰁝 ηf

ηi

dη′e ik(ηf −η′)a(η′)ΠTT
ij (η′, 󰂓k)

󰀏󰀏󰀏󰀏
2

(21)
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The spectrum

We define the energy density spectrum of gravitational waves per unit
logarithmic interval as follows:

󰀕
dρgw
d ln k

󰀖

η>ηf

=
Sk(ηf )

a4(η)
(22)

Then we can write it as follows, where we took into account that
gravitational waves have two polarizations and summation follows them

Sk(η) =
8πGk3

V

󰁝
dΩ

󰁛

p=+,×

󰀗󰀏󰀏󰀏󰀏
󰁝 ηf

ηi

dη′e ik(ηf −η′)a(η′)Πp(η
′, 󰂓k)

󰀏󰀏󰀏󰀏
2

(23)

23 / 25



Conclusions

We can simulate the nonlinear evolution of the field and the formation of
structures
The initial conditions are set beyond the horizon. We can set different types
of primordial fluctuations
In the future, it is planned to obtain a spectrum of gravitational waves that
are emitted due to the nonlinear evolution of the field
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